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This collection of technical reports addresses the following
topics: efficient evaluation of attenuation/minimum-phase pairs
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determination of operating characteristics of weighted energy
detectors with Gaussian signals; alias-free smoothed Wigner
distribution functions and their properties; and an investigation
of the filtered complex envelope for improved behavior.
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NUSC Technical Report 8667
31 January 1990

Evaluation of Attenuation/Minimum-Phase Pairs
by Means of Two Fast Fourier Transforms

Albert H. Nuttall

ABSTRACT

A numerically efficient method of obtaining the minimum-phase
characteristic corresponding to a measured attenuation (or
decibel gain) response of a linear network, by means of two fast
Fourier transforms, is presented and programmed in BASIC. A
method of extrapolating the measured attenuation to very small
and large frequencies, as required by the theoretical
transformations, is suggested. The attendant logarithmic
singularities in the attenuation are subtracted out and handled
separately, leaving a residual which is well behaved for
numerical Fourier transformation.

Approved for public release; distribution is unlimited.
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EVALUATION OF ATTENUATION/MINIMUM-PHASE PAIRS

BY MEANS OF TWO FAST FOURIER TRANSFORMS

INTRODUCTION

It is often important to determine whether a given linear
device is minimum-phase [1], because if so, it is then possible
to compensate the filter characteristic with reciprocal pole-zero
locations and obtain an overall all-pass characteristic with flat
amplitude and linear phase responses. A relatively simple way of
making this determination is to measure the attenuation (or
decibel gain) and actual phase shift of the given linear device
and then compute the minimum-~-phase corresponding to the measured
attenvation. 1If this latter calculated phase agrees with the
actual measured phase, then the filter is minimum-phase.

The minimum-phase corresponding to a given attenuation
function is determined analytically by a Hilbert transform
[2; chapter 6, article 22]) or [3; section 10-3]). However, this
direct integral evaluation is computationally unattractive due to
two poles on the line of integration [3; (10-67)]. 1In addition,
it yields only a single value for the phase after each numerical
integration. We will circumvent both of these difficulties by
first subtracting the singularities (which will be handled
analytically) and then employing fast Fourier transforms for

efficient numerical evaluation of the entire phase response.

1/2
Reverse Blank
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TRANSFER FUNCTION RELATIONS
FILTER CHARACTERIZATIONS

A linear time-invariant filter is characterized by its
impulse response h{t) or by its transfer function H(f) according

to Fourier transform
H(E) = J dt exp(-i2nft) h(1) = E{h(1)} . (1)

(Integrals without limits are over the range of nonzero
integrand.) Both the impulse response h(t) and the transfer
function H(f) can be complex functions of time delay t and
frequency f, respectively.

The transfer function will be represented in terms of its

real and imaginary parts according to
where

1 *
Hr(f) - f[H(f) + H ()] ,

1 . *
H,(f) = Tflﬂ(f) - H (f)] . (3)
It can also be representes in terms of its even and odd parts as
H(f) = He(f) + Ho(f) , (4)

which are generally defined according to
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1
He(f) - E{H(f) + H(-f)] = I dt cos(2nft) h(Tt) ,

H (£) = S(H(f) - H(-£)] = -ij dr sin(2rft) h(T) . (5)

Functions He(f) and H (f) are both complex generally, whereas
Hr(f) and Hi(f) are always real. Impulse response h{(t) can be
complex.

(In the special case where impulse response h(t) is real,

then

H (£) = H_(f) = j dt cos(2nft) hiT) ,

Hy(£) = i B (f) = -if at sin(2nft) hit) .) (6)

CAUSAL FILTER

A filter is said to be causal when its impulse response h(T)

is zero for negative arquments; that is,
h(t) = 0 for Tt < 0 . (7)

However, h{(t) can still be a complex function of t. 1In this
causal case, the real and imaginary parts of the transfer
function H(f) satisfy a pair of Hilbert transform relationships,
provided that h(t) does not contain any impulses at the origin;
see also [3; page 198]. The Hilbert transform of an arbitrary

complex function G(x) is defined as
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1[4 Slur | 1
BG(x)) » ¢ §au B . 2o cix) (8)

where the tic mark on the integral sign denotes a principal value
integral [4; section 3.05} and & denotes convolution. Principal
value integrals are considered in appendix A.

In order to derive Lhe Hilbert .elations of interest, let

U(x) be the unit step function,

1 for x > 0
U(x) = } . (9)
0 for x ¢ 0

Then, because h{t) is causal, transfer function (1) becomes

H(f) = I dt exp(-i2nft) h(x) U(x) = P{h(t) U(T)} =

]
O]
[ ST

H(f) - B{H(f)]} . (10)

ficre, we used the Fouri.r transform of the unit step function

U(t) [3; (3-13)] and definition (8). Equation (10) yields

H(f) = -i B{H(f)} (11)
or, more explicitly,
1
H(f) = B(H(f)) = =2 @ H(f),
1
Hi(f) - g{Ht(f)) - - TF @ Ht(f) . (12)
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We repeat that transfer function relations (12) hold true even
when impulse response h(t) is complex; only causality is used.
Analogous properties to (12) hold between the eveu and odd parts,
He(f) and Ho(f>, of the transfer function H(f) as well. Namely,
because the Hilbert transform of an even (odd) function is odd

(even), there follows, for a causal (but possibly complex) h(rt),
He(f) = —i E(HO(f)} ' Ho(f) - -i E{He(f)} . (13)

If h(t) contains an impulse at the origin, both parts of

(12) are false, even though h(t) may be causal. Consider

h(x) = (a + ib) &(1), a and b real . (14)
Then (1) yields constant transfer function
H(f) = a+ib, Hr(f) = a, Hi(f) = b, He(f) = a+ib, Ho(f) = 0. (15)

But since the Hilbert transform of a constant is zero
[4; section 3.05)], neither part of (12) is satisfied, and the

first part of (13) is false. On the other hand, if
h{t) = (a + ib) &(t - T) , a and b real , (16)

then (12) and (13) are satisfied only if T > 0. Here, we used

the facts that
H{cos(2nfT)}} = sin(2nf[T|), H{sin(2rfT)} = -sgn(T) cos(2nrfT),(17)

where sgn(T}) is the polarity of T. Henceforth, we assume that
components like (14) and (15) are not present in the filters of

interest; see also [3; page 198].
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For a causal filter, (2) and (12) afford a method of
obtaining the complete transfer function from its real part

alone, according to
H(f) = Hr(f) + i Hi(f) =
- Hr(f) - i g{ur(f)} . (18)

However, a more attractive approach, computationally, is to use

Fourier transforms, as follows. Define inverse Fourier transform
h(t) = B 18 _(£)) = f df exp(i2nfr) H_(f) (19)

for any real part Ht(f). (The notation h (7)) cannot be used
instead of h(t), because h(t) is not the real part of h(<t), nor
is h{t) necessarily real.) Substitution of (3) into (19)

immediately yields
bto) = 3[no « v'-n] 5 e = pN (20)

(These particular relations in (20) actually hold true for any
filter h(t), noncausal as well as complex.) Then because h{(T) is
causal, there follows directly
2h(~) for v > 0
h(t) = = 2 hit) u(t) . (21)
0 for t < 0
In summary, the method for obtaining the complete transfer

function H(f) from just its real part Hr(f), for a causal filter,
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is to perform, in order, the following operations:

nit) = £ la_c6))
h(t) = 2 h(1) U(x) ,

H(f) = F(h(T)} . (22)

This procedure requires two Fourier transforms, which can be
accomplished very quickly and efficiently by means of two fast
fourier transforms. Furthermore, a fast Fourier transform
output sweeps out the complete range of argument values, whereas
the brute force Hilbert transform integral of (18) and (8)
requires an additional numerical integration for each frequency £
of interest. Functions h(t) and h(t) in (22) can be complex.

An accuracy check on the procedure in (22) is afforded by
comparing the real part output of the Fourier transform in the
bottom line with the input Hr(f) utilized in the top line. The
complete set of function values of Hr(f) for all f is required
for this procedure; in retu.n, the complete set of values of
Hi(f), for all f, results. The operations in (22) are linear
insofar as the overall transformation of Hr(f) is concerned, and
so superposition can be used for any breakdown of Ht(f) into
components, if desired.

The rule for obtaining H(f) or Hi(f) from Hr(f)' as given in
(22), applies whether filter H(f) is minimum-phase (1] or not.
The only prerequisite for the validity of (22) is the causality
of impulse response h{(T).

1f only He(f) were available (instead of Ht(f)), a more

attractive procedure for obtaining H(f) or Hi(f) than using (4)
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and Hilbert transform (13), is to observe that, in general, for

any filter, the inverse Fourier transform
() - I df exp(i2nft) H,(f) = %[h(t)+h(-r)] = h (1). (23)

Here, we used (5), the inverse to (1), and the general definition
of the even part of an arbitrary complex function. Then, if h(rt)

is causal, we have
h(t) = 2 he(t) U(t) . (24)

Thus, the procedure for obtaining H(f) is identical to (22) if we

replace Hr(f) and h(<t) by He(f) and he(T), respectively.
ONE-~-SIDED SPECTRAL FUNCTIONS

The analogous situation in the frequency domain (to causality
in the time delay domain) is as follows: if (complex function)

A(f) is zero for negative arguments, that is,
A(f) = O for £ < 0 , (25)

then a procedure similar to (10)-(11) reveals that the inverse

Fourier transform of A(f) is given by
a(t) = FHA(f)} = i Ba(T)} . (26)
That is, in terms of real and imaginary parts,
a (t) = - H{a; (1)} , a;(t) = Bla (1)} . (27)

The function a(t) is called an analytic waveform, for reasons to

become apparent shortly.
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GENERAL SPECTRAL RELATIONS

For future purposes, the Hilbert transform of a completely

arbitrary complex waveform b(rT),
1
b (1) = B{b(T)} = e @ b(T) ., (28)

has spectrum (Fourier transform)

(29)

-i B(f) for £ > O
E{hH(T)] = -i sgn(f) B(f) = { } '

i B(f) for £ < 0

where B(f) is the spectrum of b(t). Here, we used the fact that
the following two functions are a Fourier transform pair

[3; apply (2-34) to (3-9)]):

1 .
Friandint: sgn(f) . (30)

The left-hand side of (29) is the Fourier transform of the
Hilbert transform of b(t). It cannot be labeled as BH(f). which
is the Hilbert transform of the Fourier transform B(f) of b(rt).
The two operations of Hilbert transformation and Fourier
transformation are not interchangeable, in general.

It follows from (29) that
FPi{b(t) + i bH(T)] = 2 B(f) U(f) , (31)

which is a one-sided spectrum. Also, b(t) + i bH(T) is an

analytic waveform. Waveform b(t) is completely arbitrary here.

10
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ANALYTICITY OF TRANSFER FUNCTION
Consider the causal exponential impulse response
h(t) = exp(-1) U(T) . (32)

The corresponding transfer function is

1

HUE) = 15 1amf

(33)

which has a pole in the upper-half f-plane at f = i/(2n), but
which is analytic in the lower-half f-plane. (The lower-half
f-plane corresponds to the right-half s-plane of Laplace
transforms.)

This analyticity of the transfer function H(f) in the lower-
half f-plane is generally true for causal finite-energy filters,
as may be seen by the following argqument. Let frequency f be a
complex variable with real and imaginary parts according to
f = fr + ifi. Then, for a causal filter, (1) can be expressed
more explicitly as

+@

H(f) = [ dt exp(-i2nf ) exp(2nf;T) h(T) . (34)
0

The first exponential in (34) has magnitude 1 for all T on the
contour of integration. And if fi < 0, the second exponential
term in (34) decays with increasing T, keeping the integral
convergent, as it was for fi = 0. That is, transfer function
H(f) is analytic in the lower-half f-plane for a causal impulse

response h(t). Notice, however, that no statements can be made

11
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about the locations of the zeros of transfer function H(f) in the
complex f-plane. Thus we have

causal h(t) —> analytic H(f) in lower-half f-plane (35)

The converse is also true, namely, that analyticity implies

causality. To develop this point, express the inverse Fourier

transform to (1) in the form

h(t) = J df exp(i2nft) H(f) =
¢

- J df exp(i2nf_t) exp(-2nf ) H(f) ,

(36)
Ca

where contours C, and C, are depicted in the complex f-plane in
figure 1. Because transfer function H(f) is analytic in the
(crosshatched) region between contours Cy and C,, we are allowed

to move the integration freely between them, as done in (36),

f-plane

I

analytic H(f)

; ///// /]

A 4
L 4

W
¥

Figure 1. Complex f-Plane Contours

12
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without altering the value h(t) of the integral. On contour Cys
we have fi < 0 everywhere. Therefore, if v < 0 in (36), the
second exponential decays to zero as contour c, is moved farther
down in the f-plane. Because H(f) is analytic in the lower-half
f-plane, we can move C2 arbitrarily far down, causing the
integrand of (36) to go to zero, thereby leading to a zero value

for h(t) whenever vt < 0. Thus, we have
analytic H(f) in lower-half f-plane —> causal h(T) . (37)

This equation is the converse to (35).

Because we have already shown in (10)-(12) that a causal
impulse response h(t) leads to a transfer function H(f) with
Hilbert transform relations between its real and imaginary parts,
it follows from (37) that an analytic transfer function H(f)
leads to the same conclusions. This means that, for an analytic
transfer function H(f) in the lower-ha’f f-plane, we can use the
efficient procedure given in (22), in terms of two (fast) Fourier
transforms, to find the imaginary part Hi(f), given only the real
part H_(£).

r

For the example given earlier in (33), we have real part

1
1 + (2nf)2

H (f) =

Then from (22), we obtain, in order,

- —1
1 + i2nf '’

h(t) = 3 exp(=|t]) , h(t) = exp(-T) U(T) , H(E)

which corroborates (32) and (33).

13/14
Reverse Blank
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MINIMUM-PHASE TRANSFER FUNCTIONS

From this point on, we presume that impulse response h(<t) is
causal and that transfer function H(f) contains only poles and
zeros. It then follows from (35) that transfer function H(f)
has no poles in the lower-half f-plane. We also assume now that
H(f) has no zeros in the lower-half f-plane; that is, the filter

is minimum-phase [1,2,3]. In this case, the function
Q(f) = - 1ln H(f) (38)

is analytic in the lower-half f-plane, because the function 1ln z
is nonanalytic only at z = 0 and z = @ in the complex z-plane.

Accordingly, by analogy to (37), inverse Fourier transform
q(t) = J df exp(i2nft) Q(f) (39)

is causal. (An example is given in appendix B.) Therefore, just

as shown in (10)-(12), the real and imaginary parts of Q(f),
Q(f) = Qr(f) + i Qi(f) ' (40)

can be found from each other by means of Hilbert transforms. 1In

particular, as in (12},
Qt(f) - E(Qi(f)} ' Qi(f) = - Q(Qr(f)} . (41)

Alternatively, according to the sequel to (37), because Q(f)
is analytic in the lower-half f-plane, the imaginary part Qi(f)
can be found from real part Qr(f) according to procedure (22)

involving two Fourier transforms.

15
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Interesting interpretations of minimum-phase filters, in
terms of their group delay and rate of energy flow through the
filter, are given in (5; pages 132 - 133). 1In particular, the
minimum-phase filter has the smallest group delay of any stable

filter with specified magnitude transfer function.

ATTENUATION AND PHASE

There is another way of describing a transfer function H(f)
rather than by its real and imaginary parts, which is very useful

in some applications. Namely, let
H(f) = exp(-aff) - i B(£)] , (42)

where
a(f) = attenuation

} of filter . {43)
B(f) = phase shift

Reference to (38) and (40) immediately reveals that
alf) = Qr(f) r B(f) = Qi(f) . (44)

Therefore, if filter H(f) is minimum-phase, according to the
discussion in (38)-(41), «(f) and B(f) can be found from each

other by means of Hilbert transforms, In particular,

|

B(f) = - Blalf)} = - == @ alf) . (45)

"

n

(Strictly, this relation is not usable and must be modified to

allow for attenuations a(f) with logarithmic singularities; for

16
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example, see [3; pages 206 -~ 208]}. This manipulation is
discussed in appendix C.)
Alternatively, the procedure in (22) can be employed in the
form
gty = F ey},
g(t) = 2 g(t) u(t) ,
a(f) + i B(f) = P{g(T)} . (46)

The function g(t) is defined by the inverse Fourier transform in
the top line of (46). Phase shift B(f) for a minimum-phase
filter is given by the imaginary part of the Fourier transform in
the bottom line of (46).

A common alternative descriptor of the frequency behavior of

a filter is the gain G(f) in decibels, defined as
G(f) = 20 log,, |H(f)] . (47)
Because the attenuation follows from (42) as
a(f) = - 1n |H(E)] , (48)

the gain G(f) and the attenuation «(f) are related by

20

G(f) = - TR710)

ax(f) = — 8.686 a(f) . (49)

Measurement of either one is sufficient to find the other and to

thereby determine the phase shift B(f) of a minimum-phase filter.

17
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EXAMPLE AND LIMITATION

We again consider the example given in (32)-(33), namely

h{t) = exp{-t) U(T) , H{f) = T—TLTEH? . (50)
The attenuation and phase follow from (42) according to
alf) = 3 1n(1 + an£?)
B(f) = arctan(2nf) . (51)

If we attempt to apply the inverse Fourier transform in the top
line of (46) to the attenuation a«(f) in (51), we encounter a
divergent integral because o(f) ~ ln|f]|] as £ » &=,

More generally, if filter H(f) has a zero at a frequency f
equal to any finite real value, the attenuation «(f) has a
logarithmic singularity at that real frequency, and the inverse
Fourier transform in (46) diverges. Because typical filters very
often have this feature (and almost always at £ = 0 and f = +=),
a way must be found to circumvent tne divergent part of the
inverse Fourier transform integral, so that the efficient

procedure of (46) can be salvaged.

18
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SUBTRACTION OF SINGULARITY

The procedure to be used here is one commonly adopted to
numerically evaluate convergent integrals with singular

integrands; it is illustrated by the example

a
I-decoix, v <1, (52)
0 X

If v is positive, the integrand has an infinite cusp at the

origin, yet the integral converges, because v < 1. We express

a a
I = I dx cCOSX —vl + 1 I dx cosx - 1 J “% (53)
0 X 0 X 0

which is allowed, because both integrals converge. The last

integral in (53) can be done in closed form, yielding al'v

2=V

/(1=-v).
Also, the middle .ntegrand now behaves as x as x = 0+, which
is zero at the origin, because 2-v > 1; this behavior enables a
straightforward numerical evaluation of the middle integral.

The key to this procedure is to find a component that can be
integrated in closed form and that, when subtracted from the

given integrand, yields a well-behaved residual for numerical

integration.
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APPLICATION TO FILTERS

The way we apply this subtraction procedure to a given
attenuation a(f) with logarithmic singularities is to break it

into two parts,
al(f) = al(f) + az(f) , (54)

where attenuation al(f) contains all the singqular components and
has a known closed form minimum-phase pair Bl(f). (An example is
furnished by (50) and (51); some additional examples are listed
in appendix D.) Then residual attenuation “Z(f) is found
according to

o, {f) = a(f) - « (f) (55)

and is well-behaved for all f. Residu~” ~;,’(f) is subjected to
the repeated Fourier transfor~ rp.ocedure detailed in (46),
resulting in phase shift function Bz(f)‘ Finally, the complete
minimum-phase corresponding to the given attenuation a«(f) is

obtained from

B(f) = B,(f) + B,y (£) . (56)
The procedure can be summarized as follows:
al(f) —> B(£f) desired ;
o (£) + ey (f) —> B,(f) + B,(f) wused . (57)

The exact choice of attenuation/minimum-phase pair “1(f)’
Bl(f) is not critical, except that residual az(f) must not have

any singularities and must decay (rapidly) to zero for large f.

20
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Of course, the given attenuation a(f) mﬁst be known for all f in
order to apply this (or any) procedure for obtaining minimum-
phase shift B(f), whether obtained directly by Hilbert transforms
or by means of a Fourier procedure. The actual numerical
evaluation of the Fourier procedure delineated in (46) is
accomplished by means of fast Fourier transforms; the details are

presented in appendix E.

SHORTCOMING OF HILBERT TRANSFORM

Suppose that two minimum-phase filters H_(f) and Hb(f) differ

onlvy bv a complex scale factor:

Hb(f) - C Ha(f) . (58)

Then

ab(f) - aa(f) - Injec] ,
Bb(f) = 6a(f) - arg(c) + 2rn , n integer . (59)

However, if aa(f) and Ba(f) are a Hilbert transform pair, ab(f)
and 5b(f) cannot possibly be (unless ¢ = 1 and n = 0) because the
Hilbert transform of a constant is zero. Functions ab(f) and
ab(f) are both "incomplete," in that attenuation ub(f) contains
no information about arg{(c), while phase Bb(f) contains no
information about j¢|. This means that the Hilbert transform of
a given attenuation (phase) yields a phase (attenuation) function
that can differ from the actual phase (attenuation) of a minimum-

phase filter by an arbitrary additive constant. Some information
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is inherently absent from 2 given attenuation (phase) function.
In addition, because the Hilbert transform of a constant is zero,
additive constants are lost through this transformation. (The
situation is somewhat similar for the Fourier ttansform procedure
given in (46).)

Alternatively, suppose that
hb(T) = ha(T - T) , H,(£) = H (f) exp(-i2nfT) . (60)

Then filter Hb(f) contains a transfer function component of
exp(~i2nfT), with corresponding attenuation 0 and phase 2nrfT.
Thus, the attenuation contains no information about a pure time
delay. However, it should be noted that this component
exp(-i2nfT) does not possess poles and zeros =t all, but in fact

has an essential singularity at f = o,
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APPLICATION TO MEASURED DATA

In this section, we will apply the previous Fourier procedure
to a measured pair of attenuation and phase shift functions in
an effort to determine if the filter is minimum-phase. The
particular filter is a J15-1 transducer used as a continuous-wave
source in the 10 to 900 Hertz range. The transmitting current

response of this device is defined as the ratio

output pressure
- (61)
input current

and is the transfer function of interest. The reference level is
taken as 1 gyPa/Amp. The measurements procedure include a
water-path propagation delay (of unknown value) between the
transducer and a calibrated receiving hydrophone.

The measured decibel gain, (47)-(49), of transfer function
(61) is displayed in figure* 2 for the range of frequencies from
30 to 500 Hertz, on a logarithmic frequency abscissa. Also
superposed are the decibel gain responses of filters with 1 or 2
or 3 poles at the origin, which plot as straight lines on this
type of paper. This information is required for determining the
behavior of the filter from 30 Hertz down to £ = 0 and is
necessary because the Hilbert and Fourier procedures both require
knowledge of the complete attenuation (or gain) for all
frequencies, in order to determine the value of the corresponding
minimum-phase shift at just one frequency. It may be reasonably

concluded from the fits in figqure 2 that the transducer of

*Figures 2 through 11 are collected at the end of this section.
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interest here has a double zeroc at f = 0.

In addition, the same fitting procedure has been attempted in
the neighborhood of 500 Hertz in figure 2, as may be seen by the
superposition of responses for filters with decays corresponding
to 0 or 1 or 2 or 3 poles at £ = =, However, the situation is
rather poor at this upper end of the measured frequency range,
because, as seen in figure 2, the transducer has not yet
developed its asymptotic behavior at f = 500 Hertz. This
behavior is consistent with the information mentioned above,
which describes the use of this device as a source up to 900
Hertz. Thus, we have a situation where we have insufficient
measurements to fully apply the theoretical developments
presented earlier. Nevertheless, we will attempt to circumvent
the inadequacy by extrapolating the given measurements into the
frequency range above 500 Hertz and then using the combination of
measured and extrapolated gains to determine the minimum-phase

response.

PHILOSOPHY OF EXTRAPOLATION

A situation of frequent occurrence is the following. We have
a measured residual attenuation az(f), but it is available only
< £ < £

for 0 < ¢ see (54)-(57). We presume that attenuation

1 2}
az(f) is even about £ = 0. Call this total frequency range of
known values, K. Denote the remainder of the frequency range,

where az(f) is unknown, by U.

We want to evaluate the minimum-phase corresponding to az(f).
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namely

+®
as{u)
B,(£) = - Blay(f)) = - 1 [au 2 . (62)

-

Our approach is to extrapolate az(f) beyond K into the unknown
frequency range U. Call this extrapolated function aZe(f); it
exists for all f. This extrapolation must be rather close to the
true (unknown) attenuation “z‘f’ in U, but aze(f) need not agree
with az(f) inside K. 1In particular, aZe(f) and az(f) should
match in value and slope at the boundaries of K.

Then, we can obtain the following approximation to phase
(62), namely

1 aylu) ajelu)
BaalE) "de“f-u‘if"“f-u -
X U

. (63)

- B i

f - u " f - u

+®
J du az(u) - a2e(u) 1 I du uZe(u)
K

The first (finite) integral in (63) is done numerically, by
employing the Fourier procedure presented here. The second
integral in (63) is actually divergent and is instead replaced by
use of a known attenuation/minimum-phase pair, “Ze(f)' sze(f).
The key to this procedure is a shrewd choice for the
extrapolated attenuation uZe(f). Several candidates, along with
the corresponding minimum-phase functions, are listed in appendix

D.

25




TR 8667

LAPLACE TRANSFORM NOTATION

For convenience of notation, we employ here the Laplace
transform of the impulse response, namely
4+
L(s) = j dt exp(-st) h(T) , (64)
0
where we have specifically limited consideration to causal

filters. The connection with the Fourier transform (1) is

H(f) = L(i2nf) . (65)

EXAMPLE A

The first attempted fit to the measured gain in figure 2 is
by means of filter

2

cC 8§
L(S) - (s + a)(s + b) ’ (66)

with constants a = 260, b = 330, and ¢ = - .55E8. This filter
has the desired double-order zero at the origin, but does not
decay for large frequencies. The gain of (66) is superposed on
the measured gain in figure 3; it is seen that the constants have
been chosen to give a fit that matches in value and slope for
small frequencies and that matches the measured gain value at
S00 Hertz.

The difference in decibels between the measured gain and the
fitted gain is displayed in figure 4; it goes to zero at 30 and

500 Hertz and is assumed to be zero outside this range. This
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assumption is not likely to be correct for f greater than 500
Hertz, but it is necessary in order to proceed with the numerical
manipulations. The difference in attenuations, uz(f) of (55), is
available by dividing the result in figure 4 by -8.686; see
(47)-(49).

The residual attenuation az(f) is subjected to the cascaded
Fourier procedure of (46), and the resultant phase Bz(f) is. added
to the minimum-phase ﬁl(f) corresponding to (66). The final
total phase B(f) is shown in figure 5, with the label A&T,
meaning analytic and transform, that is, al(f) plus Bz(f).
Superposed on this figure is the measured phase, with the label
M&D, meaning measured and time-delay adjusted. Recall in the
discussion surrounding (61) that there is an unknown time delay,
between the transducer and receiving hydrophone, included in the
measurements taken. Accordingly, a selection of time delay was
made that yielded the best eyeball fit of the two phases over
the range of frequencies from 0 to 400 Hertz in figure 5; this
corresponds to an additive linear phase function of frequency, as
indicated by example (60). The time delay was 1.43 ms.

The agreement between the minimum-phase and the measured
results in figure 5 allow us to conclude that the J15-1
transducer is indeed a minimum-phase filter, at least over the
frequency range up to 400 Hertz. The difference between the two
results is 17° at 500 Hertz, which is significant. However, the
reason for this discrepancy is undoubtedly due to the fact that
(66) is not the correct fit for £ > 500 Hertz, because (66) has

no decay for large frequencies.

27




TR 8667

EXAMPLE B

In an effort to find a better phase match, another fit was

also tried, namely filter

C52

L(s) = 3
(s + ao)((s + a)* + b

ol (67)

with constants a, = 4000, a = 260, b = 400, and ¢ = - ,275E12.
The measured and analytical decibel gains are plotted in figure
6, while the decibel difference is plotted in figure 7. The
corresponding two phase plots, obtained by an identical procedure
to that described in example A above, are presented in figure 8.
Now, the difference in the two phase curves at 500 Hertz has
decreased, but only slightly, to 14°. Apparently, the unmeasured
decibel gain, in the frequency range above 500 Hertz, is causing
inaccurate calculations of the minimum-phase in the region just
below 500 Hertz, due to our inability to correctly extrapolate,
by means of (66) and (67), to what the filter gain truly was in
that frequency range. This supposition is consistent with the
observation that the minimum-phase at a particular frequency is
largely governed by the (rate of change of the) attenuation in
the neighborhood of that frequency [2; page 345]. The agreement
in phase results for the lower frequencies comes about because
errors in gain measurements above 500 Hertz have a much reduced

effect on the calculated phase at low frequencies.
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EXAMPLE C

In an attempt to justify this conjecture, an estimate of the
unmeasured gain in the frequency range from 500 to 900 Hertz was
made and is illustrated in figqure 9. A droop of 7 dB, centered
at 565 Hertz, has been added and is annotated by the phrase
"augmented”. The fit is again (66), with the same constants as
used for example A, and is superposed in the figure.

The two phase curves are illustrated in figure 10. Now, the
discrepancy between the two results is negligible (within
measurement error) all the way up to 500 Hertz, the maximum
frequency at which the phase was measured. Thus, we feel
justified in concluding that the device under investigation is
indeed a minimum-phase filter, at least over the measured

frequency range up to 500 Hertz.

LIMITED FREQUENCY RANGE

It has been stated above that the measured filter appears to
be minimum-phase in a particular frequency range. Strictly, this
is not a valid concept; but it is necessary to allow for it in
practice, where filter responses cannot possibly be measured for
all frequencies. For example, suppose that the transfer function
H(f) has a collection of poles and zeros in the upper-half
f-plane, all fairly near the origin f = 0. 1In addition, let H(f)
have a pole-zero pair far away from the origin, but symmetrically
located about the real f axis, so as not to affect the gain or

attenuation; see the pair near f = fz in figure 11.
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Obviously, the filter in fiqure 11 cannot be minimum-phase,
because it has a zerd in the lower-half f-plane. Yet, its
measured phase, for frequencies less than fl’ would be
indistinguishable from that of the minimum-phase filter that
does not contain that extra pair. Thus, we would reasonably
conclude, upon the basis of the measurements made, that the
filter is "minimum-phase for f < fl." Furthermore, this is a
practically useful concept because compensation of the filter in
this same frequency range is certainly possible and allowable.
In other words, measurement in a limited frequency range only
allows us to make conclusions in that same range; in fact, the
situation is slightly worse than that, because the edges of the

range may also be - .-. to question.

30




Gain G(f) (dB)

Gain G(f) (dB)

TR 8667

165
N \-18
\{_,
160 N N
\\;ji
/ ’\\\ -8
155 AN
+18 0
+1
150
/+6 <+{— slope {in dB/octave
145 ]
140
30 S0 70 100 200 300 400 500
f (Hertz)
Figure 2. Measured Filter Gain
185
measured
160 \ /] \
155 / m
2
cs
(st+ta)(s+b)
150
a = 260
b = 330
c = -_55E8
145
140
0 100 200 300 400 500
f (Hertz)

Figure 3. Fitted Gain for Example R

31




dB Difference

Phase (radians)

TR 8667

6
; N\
\ X /
3 /I [ \
(1 / \
. / N
1 N
DV N/ M
v
19 100 200 300 400 500
f (Hertz)
Figure 4. Decibel Difference for Example R
.25%
/“‘%m
- / — | R&T
29T /< \/
T
.25
0
0 200 400 600 800 1000
f (Hertz)

Figure 5. Measured and Transformed Phases for Example A

32




Gain G(f) (dB)

dB Difference

TR 8667

165

measured

/ﬁﬁf;~—‘\—\~\‘\"\~\>,g"////r \;i\\\\\\3:;:===:;..

155
2
cs
//{ (s+a )[(s+a)o+b2)
150 L
ag = 4000
a = 260

143 b = 400
c = -,275E12
140
0 100 200 300 400 500
f (Hertz)
Figure 6. Fitted Gain for Example B
6

‘j JRN
N

| ™ | \
o AL W\\ / N

v N/

0 100 200 300 400 500
f (Hertz)

Figure 7. Decibel Difference for Example B

33




TR 8667

{.5
M&D
1.25m <3 ——
ALT

(%]
5 T \/
= /7
L. 75T
o
“ 5T
<
o j/f

.29

0
0 200 400 600 800 1000
f (Hertz)

Figure B. Measured and Transformed Phases for Example B

165
measured
160 /\\
q /\\
o]
~ iss N \“"‘L
- 2 7
“ s _1
band s+aj(s+b)
< 150 *r
< h:-as% \u/
v b = 33 sugmentel
© cl= -.5588 g
145 l
140
0 100 200 300 400 SO0 600 700 800 900

f (Hertz)
Figure 9. Fitted Gain for Example C

34




TR 8667

1.257

Pama

\ AT

M&D

25T

Phase (radians)

.25

0
0

100

200 300 400 300 600 200
f (Hertz)

800 800

Figure 10. Measured and T-ansformed Phases for Example C

>

L3

/e

Otx

o

f-plane

Figure 11. Pole-Zero Locations

35/36
Reverse Blank




TR 8667

SUMMARY

For a minimum-phase filter, the phase shift g(f) can be found
from the attenuation «(f) by means of two cascaded fast Fourier
transforms, once the logarithmic singularities in o(f) have been
subtracted out and handled analytically. A partial accuracy
check is automatically built into the procedure, because the real
part of the output should agree with the given input; the
imaginary part of the output is the desired minimum-phase result.
Tais Fourier approach yields the entire phase curve for all
frequencies, not just a point-by-point output, as a Hilbert
transform numerical integration would give.

In order to use this procedure, the attenuation must be
neasured for all frequencies, or at least for large enough and
small enough frequencies that the asymptotic behavior is well
developed and obvious. A plot of the attenuation {(or decibel
gain) on a logarithmic frequency abscissa is recommended for this
purpose, because the filter magnitude characteristic should
approach a straight line with a decay equal to a multiple of
6 dB/octave in the neighborhood of zero and infinite frequencies.
Failure to make a complete set of measurements will lead to the
need for extrapolation and the attendant errors that can occur
with such a procedure, as illustrated here. Furthermore,
statements about the minimum-phase behavior of a particular

filter can only be made (with)in that same frequency range.
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APPENDIX A. PRINCIPAL VALUE INTEGRAL EVALUATION

Through a change of variable, a principal value integral can

be put in the form

b
I-fdti%l, where g(0) # 0 . (A-1)
-b

Limit b can be finite or infinite. (For example, (8) fits this
form when we let g(t) = G(x-t)/n.) Although (A-1l) is a principal

value integral, it can be expressed as (ordinary integrals)

b b b
g _(t) g _(t)
I = j at 2— - zj at 2 — - j d—% [g(t) - g(-t}] ,  (A-2)
~b 0 0

where go(t) is the odd part of g(t); see definition (5). This
form can be used for numerical evaluation whether b is finite or
not. If b is infinite, the integrand of the last integral in
(A-2) maintains the same decay with t as original integral (A-1).

This is not true of the sometimes recommended alternative form

b
I = j at lt) = g(0) (A-3)
-b

which decays very slowly with t, although it is finite at the
origin t = 0. However, another alternative that advantageously
uses this subtraction device is given later in (A-11).

A simple example of (A-1)-(A-2), for b finite, is furnished

by the integral
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b b
I = f dt sza%&i - zf dt §12%L£1 , (A-4)
-b 0

the latter of which has a well-behaved integrand at t = 0.

DERIVATIVE EVALUATION
In general, the last integrand in (A-2) behaves as

2t = 9(=t) 5 gr(0) as t a0 . (A=5)

Therefore, in order to use (A-2), it is necessary to have g’(0).
1f all we can easily evaluate is g(t), and not its derivative
g’(0), a good approximation is available through the following

device. We know that g’'(0) is approximated by

g({e) - g(-¢)
2¢

for small ¢ . (A-6)

However, if € is too large, this is a poor approximation, whereas
if ¢ is too small, round-off errors cause numerical stability

problems. But we know that

g(e) - g(-¢€) 1 2

2¢ =9'{0) + ¢

g’’’ (0) €° + 0(24) as ¢ » 0 . (A-7)

So, letting F(e) be the left-hand side of (A-7), we have, to

second order,

1cz

Fle/2) = A, + A, c2/4

F(e) = Ao + A
where Ao and Al are unknown . {A-8)
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The desired unknown follows easily from (A-8) as

A =4 F(e/zg - F(€) -

o g’'(o) . (A-9)

This procedure is an extrapolation to the limit; it uses ¢/2 as
the smallest argument of F.

A program for the evaluation of g’(t) at general t is
furnished here in BASIC; it requires specification of a tolerance
Tol in line 70 of the function subroutine FNDerivl.

10 INPUT T
20 Derle«FNDerivl(T)

30 PRINT T,Derl ! t,g’(t)
40 END
50 !

60 DEF FNDerivl(T)
70 Tol=1_.E-6

~g’'(t) via extrapolation
tolerance

Gt gum g

80 E=,2 epsilon (start)
90 E=E*.5
100 vi=v2

110 V2=(FNG(T+E)~FNG(T-E))/(2.*E)

120 v=v2+(V2-V1)/3.

130 IF ABS(V2/V-1.)>Tol THEN 90

140 RETURN V

150 FNEND

160 !

170 DEF FNG(T)

180 RETURN EXP(T) ! example exp(t)
190 FNEND

An application of this program to the exp(t) example in line 180,
at argument t = 1.1, yielded an error of -7.8E-13.
1f we instead kept terms to fourth order in (A-7), an

extension to (A-8) yields approximation
g'(0) = zi[64 F(§) - 20 #(§) + Fle)] . (A-10)

This procedure uses €¢/4 as the smallest arqument of F.
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AN ALTERNATIVE SUBTRACTION PROCEDURE

We now express (A-~1) in the form

b

a
I = f dt 91%1 - f dt ﬂi§i + f dt ﬂi%i , (A-11)
-b R

where limit a is chosen for convenience and R is the union

(-b,-a) v (a,b). Then, as done in (A-3),

a
I = I gt 4lt)

-a

- g(0) (t) )
- + j at L2, (A-12)
R

These are both ordinary integrals now. The first integrand is
finite at t = 0, with value g’(0), while the second integrand

maintains its original decay as x > +b.

SECOND DERIVATIVE EVALUATION

The procedure presented in (A-5)-(A-9), for the approximate
evaluation of first derivative g’(0), can be extended to the

second derivative g"(0) as follows. We know that

ale) + 9(=8) o g(0) + 3 g7(0) e? + o(e?) ase-s 0. (13
Therefore,
gle) + g(=e) = 29(0) _ gw(q) 4 o(e?) . (A-14)

el
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Letting D(e) be the left-hand side of (A-14), we have, to second

order,
D{(g) = Bo + B1 ez
2 where Bo and B1 are unknown . (A-15)
D(e/2) = B+ B, £ /4
o 1
The desired solution is
Bo - 4 D(S/Z; - D(€) =~ gn(o) . (A-16)

This is an extrapolation to the limit; it uses g/2 as the
smallest argument of D. A program for the evaluation of g"(t) at
general t is given below in BASIC; it requires specification of a
tolerance Tol in line 70 of the function subroutine FNDeriv2.

10 INPUT T
20 Der2=FNDeriv2(T)

30 PRINT T,Der2 ! t,g"({t)

40 END

50 !

60 DEF FNDeriv2(T) ! ~g"(t) via extrapolation
70 Tol=1.E-6 ! tolerance

80 E=.2 ! epsilon (start)

90 G2=2.*FNG(T)

100 E=E*.5

110 V1=Vv2

120 V2=(FNG(T+E)}+FNG(T-E)-G2)/(E*E)
130 v=v2+(V2-V1)/3.

140 IF ABS(V2/V-1.)>Tol THEN 100

150 RETURN V

160 FNEND

170 !

180 DEF FNG(T)

190 RETURN EXP(T) ! example exp(t)
200 FNEND

An application of this program to the exp(t) example in line 190,

at argument 1.1, yielded an error of 1.6E-11.
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APPENDIX B. FOURIER TRANSFORM OF GENERALIZED FUNCTION

We are interested in finding the Fourier transform of the

generalized function

exp(-at) Ul T)

- , a>?o0o, (B-1)

where U(t) is the unit step function. Letting w = 2nf, the

integral of interest is
d<t .
I = J ~= exp(-at) U(t) exp(-iwt) =
dx .
- I = [exp(~-at) - 1 + 1} U(T) exp(-iwt) =

dr
-

{1 - exp(~-at)) expl-iwt) + I é% U(t) exp(-iwt) =

L]
f
oOc—— 8

- - ln(s—%;ig) - [i% sgn[ig] + 1n 5% + C'] - (B-2)

= - 1n(a + iw) + In(iw) - i% sgn{w) - ln|w| + 1n(2Rr) -~ C’. (B-3)

In (B-2), we used ([4; page 334, 3.434 2] and [6; page 43, row 3,

column 3, with m = 1], But since

in/2 + Injw| for w> 0
ln(in) = } + i2nn =
-in/2 + In|w| for w < 0
- i% sgn{w) + Injw| + i2nn , n integer , (B-4)
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we can express (B-3) as
I = - 1ln{(a + iw) + C , where C = 1n(2n) -~ C' + i2nn . (B-5)
Thus, we have the Fourier transform pair
EﬁEL%EIl U(t) <> - 1n(a + i2nf) + C , (B-6)

where C is an arbitrary constant. The reason for the presence of
C is that the generalized function % U(t) is indeterminate within
an additive arbitrary multiple of the delta function 8(<T).

For the example in (33) of H(f) = 1/(1 + i2nrf), we have
Q(f) = In(l + i2nf). Application of pair (B-6), with a = 1, to

(39) then yields causal function

g(t) = - 5’-‘-%:—1-)— ult) . (B-7)
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APPENDIX C. HILBERT TRANSFORM MANIPULATION

It was noted below (45) that the Hilbert transform of
attenuation a(f) encounters integrals with logarithmic infinities
and must be handled more carefully. This problem is treated in
[{3; pages 206 -~ 208], by dividing the attenuation by a factor
that is quadratic in f, rather than linear. 1In current notation,

that result is [3; (10-67)]
+@

£ a(u) _
B(f)-ijduuznfz. (c-1)

If we utilize the property employed in [3; page 208, line 2},

namely that attenuation «(f) is even, we can develop (C-1) as

a(u)
B(f) = J 2 -
0
4o
1 1 1
- -3 J du af(u) [f — + f + U) = (C-2)
0
4+ +®
1 a(u) 1 afu) _ B
" T J du 74y " I du v (€-3)
0 0
+® 0
N _efu) 1 al-v) _
n J du g " w J dv ¥+
0 -
4o
1 _alu) -
._nfduf_u H{a(£)} . (c-4)
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The step leading from (C-2) to (C-3) presumes that both of

the latter integrals converge separately, which need not be the
case for attenuations «{f); this is the reason for the quadratic
denominator adopted in (C-1), which guaranteed convergence of
that integral.

Rather than using Hilbert transforms and having to employ the
method of (C-1), we have resorted instead to the use of Fourier
transforms, as outlined in (46). Of course, a similar problem
arises there, as mentioned in the sequel to (51). The method of
circumventing the difficulty, in the Fourier approach, is to
subtract out the singularities and handle them analytically, as
described in (54)~(57).

The justification of this procedure, using modified Hilbert
transform (C-1) as a starting point, is as follows. Express
given attenuation «(f) in two parts, as in (54), where residue
az(f) has a convergent Hilbert transform integral

4>

a,(u)
[ aw 2 - Blay6)) for a1l £ . (c-5)

-0

The phase shift B8(f) corresponding to attenuation «(f) is then

given by sum (56), where, following (C-1),

e al(u)

£
g,(f) = £ [ au 51— (c-6)

u - £
-

and B,(£) is available as the negative of (C-5). The proof of
this last claim follows immediately from the derivation in

(C-1)-(C-4) if we replace a(f) and B(f) everywhere by az(f) and

48




TR B667

Sz(f), respectively. This is legitimate because the existence of
(C~5) for residual attenuation az(f) now allows the separation
into two convergent integrals, as done in (C-3).

We do not actually use (C-5) or (C-6). Instead, (C-6) is
accomplished by using known closed form attenuation/minimum-phase
pairs for al(f) and 61(f), while (C-5) is replaced by the Fourier
approach given in (46), with az(f) and ﬁz(f) substituted for «(f)
and B(f), respectively. The inverse Fourier transform integral
in the top line of (46), but now in terms of az(f), is
convergent.

(For interest, an example of the application of (C-6) is
afforded by attenuation-phase pair (51). This fact is

immediately verified by use of [4; 4.295 8]).)
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APPENDIX D. EXAMPLES OF ATTENUATION/MINIMUM-PHASE PAIRS

In this appendix, we list a few attenuation/minimum-phase
pairs that can be used in the subtraction procedure presented in
(54)-(57) to eliminate the divergent integrands encountered. For
convenience of notation, we employ the Laplace tr..sform of the

impulse response, namely

4+
L(s) = J dt exp(-st}) h(t) , {D-1)
0

where we have specifically limited consideration to causal

filters. The connection with the Fourier transform (1) is
H{f) = L(i2nf) . (b-2)

In the following, a, b, and ¢ are real positive constants, and

w = 2nf.

EXAMPLE 1:

L(s) = S <

2

a(f) = % In(a“ + wz) - 1In(c) , B8(f) = arctan(w/a) . (D-3)

In the limit as a » 0+,

«(£) = Injw| - In(c) , B(f) = 3 sgn(w) . (D-4)
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EXAMPLE 2:

s
+ a '’
1 2
«(f) = 3 1n(a” + &%) - Injw| - In(c) ,
B(f) = arctan{w/a) - % sgn(w)
EXAMPLE 3:
c s
Lis) = T v ars + &)
o(f) = % 1n(a’ + w?) 4 % In(b? + w?) - Injw| - ln(c) ,
B{f) = arctan(w/a) + arctan(w/b) -

n
3 sgn(w)

This attenuation reaches a minimum at « =

tke phase goes through zero.

EXAMPLE {4:

L(s) =

c
(s + a)2 + b2
a(£) = % inl(a? + (w + b)) + % inla? + (0 - b)) - 1n(c) .,
BIf) = arctan(9 — b] + atctan(9—§~2] .

52
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APPENDIX E. NUMERICAL EVALUATION OF (46)

We repeat here the cascaded Fourier transform operations

listed in (46):

q(t) = F la(f)} , (E-1)
q(t) = 2 q(t; U(T) , (E-2)
a(f) + i B(f) = F{qg(T)} . (E-3)

We limit consideration to the case where attenuation a(f) is
even, which is the typical practical situation. Also, we weight
the inverse Fourier transform in (E-1) by real symmetric window
W(f), which is zero for |f| > MA. We then get approximation

4+

g, (t) = I df exp(i2nft) alf) W(E)

4+
= 2 Re J df exp(-i2nft) alf) W(E) =
0
MA
= 2 Re j af exp(-i2nft) olf) W(E) =
0
M
= 2 Re ) s, 0 exp(-i2rn4T) a(ns) W(nsd) = gp(t) . (E-4)
n=0

where we sample in frequency f with increment A. We also use
some integration rule like trapezoidal or Simpson; for example,

the trapezoidal rule has 5, = 1, except for s_ =85, = 1/2.

o] M
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The approximation gb(t), defined by the bottom line of (E-4),

has period 1/8 in t. Therefore, we compute it at the points
for 0 < m <N -1, (E-5)

which cover a full period of g, (T). There follows

M
gb[ﬁ%] = 24 Re %;% s, exp(-i2nnm/N) a(nd) W(ns) , (E-6)

which is an N-size fast Fourier transform of M + 1 data points.
Any surplus points can be collapsed, if desired, without loss of
accuracy; see [7; pages 4 - 5], for example.

Operations (E-2) and (E-3) can be combined to read

+@
Q(E) = alf) + i B(E) = 2 I dt exp(-i2nft) g(t) .  (E-7)
0

Because all we have available is approximation gb(r) from (E-4),

we adopt the following approximation to Q(f), based on (E-7):

+@o
Qa(f) = 2 J dt exp(-i2nft) g, (1) =
0
.5/8
52 j dt exp(-i2nft) g (1) = (E-8)
0
N/2
~ 1 . m m
223 va exp(-i2ntgh) gy (73) = 9l E) (E-9)
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where Yn is an integration weight. The integral in (E-8) was
limited to .5/48 in 1, because approximation gb(t) in (E-4) is
only available up to that limit without aliasing.

The period of the final approximation Qb(f) in (E-9) is N4 in

f. Therefore, we limit its computation to the values
2 gf% m
Qb(nA) - N3 _— Yo exp(-i2nnm/N) gb(ﬁﬁ) for 0 < n < N-1 . (E-10)

This can be accomplished as an N-size fast Fourier transform of
N/2 + 1 data points. The final approximation to desired phase
B(f) in (E-7) is available as the imaginary part of (E-10), at
frequencies £ = nd. 1In addition, the real part of (E-10) should
be in very good agreement with specified attenuation values
{a(nd) W(na)} used in (E-6); this serves as an accuracy check on
the complete procedure. Equations (E-6) and (E-10) are the final
results. Strictly, (E-6) should be applied only to the residual
attenuation az(f) defined in (55); then (E-10) furnishes an
approximation to az(f) + i sz(f). A program in BASIC for the
Hewlett Packard 9000 computer, for the procedure given above, is

presented below.
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NUSC TR 8667, FOURIER FROCEDURPE AFPLIED
TQ REAL EVEM FUHCTIOH OF FREQUENCY

Deltaf=5, I SAMPLING INCPEMEHT IM FREQUENCY
Fmax=908. I MAXIMUM FREQUENCY

H=16384 | SI2E OF FFT

A=260. I FILTER PARAMETERS

B=330, t  FOR

C=-.55E8 | EXAMPLE C

COM A,B,C

REDIM Cos(A:H/4)> ,X<(OB:N-1),Y(A2HN-1)
DIN Cos(4R96),%(16384),Y(16384),Realeven(25080),Phase(6:100)

DOUBLE N,M,Ns,Ms,H2,M2 ! INTEGERS

T=2.*FI/N

FOR Hs=0 TO N-/4

Cos(Ne)>=COS(T*HNs)> ! QUARTER-COSIHE TABLE
HEXT HNs

H=Fmax/Deltaf
REDIM Realeven(®:M)

CALL Input_real_even(Deltaf,Fmax,Realevent(*)) | RESIDURL
MAT ®=(8.)> ! ATTERUATION RLFHA2
MAT Y=(0.>

A(B1)»=,5%Realeven(d)
Me=M MODULO W
#{Mg)=,5%Realeveniit)
FOR Hs=i TO M-1

Mz=He MODULQO M ! COLLAPSING

N{Ms)r)=4A(Mz)+Realeven(Ns)>

NEXT Ns

CALL Fft14C(N,Cos(®),XC(%),Y(%)) ! FOURIER TRAHSFORNM

N2=N-2 ' INTO TIME DOMAIN
GINIT

PLOTTER IS "GRAPHICS"
GRAPHICS ON
WINDOW ~-M2,N2,-6,2
LINE TYPE 3
GRID H-8,1
PRINT "FOURIER TRANSFORM (TIME DOMAIN)"
FOR Hs=-H2 TO N2
Me=MNs MODULO M .
FLOT Hz,LGT(ABS(X(Ms>>+1.E-99) ! TIME DOMAIN FUHCTION
MEXT Ns
PEMUP
PAUSE
MAT Y=(B8.)
T=4,/H ! 2 Deltaf % 2 / (N Deltaf)
FOR Ms=8 TO N2
(M =Y (MO T | DOUBLE FOR POSITIVE TIME
HEXT Ms
X(@)>=X(B>%.S
RCH2)=X(N2)*.5
FOR Ms=H2+1 TO N-1{

X{Ms)=0. !} ZERO FOR NEGRTIVE TIME

HEXT Ms

CALL Fft14(N,Cos(*),X(%) Y(*)) !' FOURIER TRAHSFORM
Me2=mMx*2 ! INTO FREQUENCY DOMAIN
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560
579
580
390
€00
619
28
€30
640
6508
660
670
€80
€90
7a8
716
720
v3a
749
758
760
770
789
790
209
818
szo
839
240
850
860
grve
gse
899
Q08
910
920
938
949
959
960
Ire
989
298
1089
iet1e
1929
1830
1040
{ase
1960
1870
1980
1690
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GCLERR

WINDOW @,M2,~-%,1

LINE TYPE 3

GRID N/16,.2

PRINT "ORIGIMAL INPUT (FREQUENCY DOMAIN>"

FOR Ns=0 TO MINM,N2

PLOY HNHs,Realeven(Ns) ! ORIGINARL INPUT

HEXT Ns

PEHUP

PAUSE

LINE TYPE ¢

FOR Ns=8 T0 M2

FLOT Ns,X{(Ns) ! F-T-F APPROXIMATION

NEXT Ns

PEHUP

PAUSE
DATA -38.6,-48.2,-54.8,-60.4,-76.2,-82.1,-94.5,-183.8,-109.1,-117.1
DATR -124.1,-134.0,-143.1,-152.9,-162.1,~-172.4,179.1,171.1,164.2,157.9%
DATA 152.8,147.1,142.8,135.8,131.9,128.7,122.8,118.7,115.1,110.6
DATA 105.9,1083.4,102.8,99.9,98.6,93.8,93.1,91.2,89.6,89.5
DATA 89.6,89.6,89.2,88.1,85.6,84.5,82.0,81.1,79.0,74.7
DATA 71.4,66.5,61.3,55.1,48.1,41.6,34.0,29.3,22.0,16.1
DATA 12.2,5.7,2.4,-3.1,-6.5,-11,3,-16.2,-21.2,~25.7,~29,7
DATA -33.4,-37.0,-48,7,-43.5,-47.0,-49.5,-51.6,-54.1,-56.2,-59. 4
DATA -£1.8,-62.4,-64,2,-66,7,-68,7,-71.4,~-74,6,-78.1,-81.4,-83.8
DRTA -88.7,-91.3,-95.06,-98.7,-183.1

READ Phase(*) ! MEASURED PHASE IN DEGREES
FOR Hs=22 TO 109

Phase(Ns)=Phase(Ns)-360. ! UN-WRAPPING OF FHARSE

NEXT Ns

MAT Phase=Fhase*(-P1-/180.) ! MERSURED PHASE IN RADIANS

T=2.*Pl#Deltaf
FOR Ns=8 TO N2

W=T*¥Ns

Phaseapp=RTHC((H-BY/A)+ATHC((W+B)/A> | PHASE BETAR1 OF APFROX.
X(Hs)=Phaseapp+Y(Hs) ! CALCULATED PHASE IN RADIANS:
HEXT Hs ! BETA = BETA1 + BETAZ

GCLEAR

WINDOW ©,180,8,PI*1.25

LINE TYPE 1

GRID 20,PI%,25

PRINT "PHASE (FREQUENCY DOMAIN)"

FOR Ns=9 TO 180

PLOT Hs,X(Ns) | PHRSE VIA FOURIER PROCEDURE
HEXT HNs

PENUP

LINE TYPE 3

FOR Ns=6 TO 100

PLOT MHs,Phase(Hs>-Ns#*,0448 ! MEASURED PHASE WITH
MNEXT Hs t  TIME DELRY CORRECTICN
PENUP ! OF 1.43 MILLISECONDS
PRUSE

END
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1120 SUR Ff.14<(DOUBLE N,REAL Cos/%),R(%¥>,Y(%)>) | N<(=2~14={€6384; @ SURS
1119 DOUBLE Log2n,MN1,N2,H3,N4,J,K ! INTEGERS < 2~3! = 2,147,483,648
1129 DOUBLE 11,12,13,14,15,16,17,18,19,110,111,112,113,114,0L¢0:13)>
113@ IF H=1 THEN SUBEXIT

1148 IF H>2 THEN 1220

1150 A=X(BY+K(1)

11€0 X(1)=X(3)>-X(1)

1170 X(@>=R

1180 A=Y(BY+Y (LD

1196 Y<1O0=Y(B>-¥Y(1)

1200 Y(B>=H

1210 SUBEXIT

1229 A=LOGC(HY /LOG(2.)

1239 Log2n=R

1240 IF RBS(A-Log2n)<1.E-8 THEN (270

1259 PRINT "H ="gN;"IS NOT AR POWER OF 23 DISALLOWED."

1260 FRUSE

1278 Ni=H-4

1280 H2=N1+1

1299 N3=H2+1

1300 Ha=H3+H1

131@ FOR Ii={ TO Log2n

13280 12=2~C(Log2n-11>

1330 13=2#%12

1349 14=1,13

1358 FOR 15=1 TO I2

1368 I6=CI5-1)%14+1}

1270 IF 16<=H2 THEN 14190

1380 Al=-Cos(H4-16-1)
1398 A2=-Cos(I6-N1-1)
1400 GOT0 1430

1410 At=Cos(16~1)
1420 AR2=-Cos(N3-16~-1)
1430 FOR 1728 TO MH-13 STEP 13
14408 18=17+15-1

1450 19=18+12

14€90 Ti=XC18)

1478 T2=X(1%)

1480 T3=YC(18)

1439 T4=YC(I9)

1500 A3=T1-T2

151¢ R4=T3-T4

1520 X(I8)=T1+7T2

1530 Y(18)=T3+T4

1540 XCI9=A12A3-A2+A4
1556 Y(I9>=A1*A4+A2%A3
1560 NEXT 17
1579 NEXT 15
1580 NEXT 11
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1590 11=Log2n+1

1680 FOR I2=1 TO 14

1610 LCI2-1>=1

1629 IF 12>Log2n THEH 16490

1630 L{l2-1)=2~(11~12)

1649 HEXT 12

1650 K=0

1660 FOR It=1 TO LC13)

1670 FOR 12=11 TO L<12> STEP L13
1€80 FOR I3=12 TO LC(11)> STEP L<C12>
1698 FOR I4=13 7O L(1@> STEP L(11>
1700 FOR IS5=]4 TO L(9) STEP L(i@>
1718 FOR 16=1I5 TO L(8) STEP L(9)
1720 FOR I7=16 TO L{(7> STEP L(8>
1730 FOR I8=17v TO L(6> STEP L(7)
1740 FOR 19=18 TO L(S> STEP L(6)>
1750 FOR 1108=19 TO L(4) STEP L(5)
1760 FOR I11=11@ TO L(3> STEP L(4)
1770 FOR I12=I11 TO L<(2> STEP L(3)
1780 FOR I13=112 7O L<(1> STEP L<(2)
1799 FOR I14=113 TO L<(B®> STEP L(1D
1800 IJ=114-1

1810 IF K>J THEN 1880

1828 A=X (K>

1830 XC(KI»=XCID

1840 X(J>=A

1850 A=Y (KD

1868 YCKI=Y (DD

1eve Y¢(J>=R

1880 K=K+1

1890 NEXT 114

1969 NEXT 113

1910 NEXT I12
1920 MEXT 111
1930 HEXT 110
1940 MEXT I9

1959 NEXT I8
19¢0 HEXT 17
1970 NEXT 16
1988 NEXT IS
199¢ MEXT 14
2000 HEXT I3
2010 NEXT 12
2820 HEXT It
2630 SUBEND
2048 !

59




TR 8667

29450 SUB Input_real_even(Deltaf,Fmax,Realeven(®))
2060 DOUBLE Ns !  INTEGER
2078 ALLOCRTE Db(é6:1809) i 30:900 HZ

2080 DATA 41.3,44,.3,46.1,47.6,49.9,51.4,52.9,54.4,54.8,56.3
z090 DATA 57.0,57.4,57.9,58.6,59.9,59.1,59.0,58.9,58.9,58.8
2100 DATA S8.6,58.1,58.2,58.1,58.0,57.9,57.8,57.2,56.9,56.7
2110 DPATA S6.€,56.4,56.3,56.2,55.7,55.6,55.4,55.0,54.9,55.2
2120 DATA 55.2,55.7,55.7,56.1,56.1,56.6,56.9,57.5,58.3,58.6
2139 DATA 59.98,59.7,60.3,60.7,60.9,61.1,61.1,61.2,61.0,60.9
2140 DATA 60.7,68.6,60.4,60.2,60.0,%59.9,59.6,59.4,59.3,58.7
2150 DATA 52.5,%8.3,57.8,57.5,57.3,57.8,56.7,56.3,56.1,55.9
2169 DATA 55.7,55.5,55.6,55.6,55.4,55.3,55.4,55.3,55.6,55.3
2179 DATA 55.4,55.9,55.0,55.0,54.8

2180 REDIM Db(6:100)

2190 READ Db(+)

2299 MAT Dhb=Db+7:186.) { MERSURED DB GARIN
2210 REDIM Db(6:180)>

2220 FOR Ns=101 T0 180 1 AUGHMENTED DB GRIN
2239 F=DeltafxNs

2240 Tit=(F=-5508.)>+,04

2250 T2=(F-580.)%,04

2269 Db(Ns>»=154,.8-5.*EXP(-T1#T1)-5.#EXP(-T2%T2)
2270 NEXT HNs

22809 MAT Realeven=(@.)
2298 coM A,B,C

2300 A2=A*A

2319 B2=B*B

2320 C2=Cx(_

2339 Di=CA2+B2)*(R2+B2)
2340 D2=2.%(AR2~-B2)

2358 T=2.%*PI*Delvaf

23609 FOR Ns=6 TO 180

2370 W=T*Ng

2380 WZ=hixlW

2398 Wa=U2=W2

2400 P=C2%W4/(D1+D2¥W2+UW4)

2419 Attenapp=-.5*L0OG(P) !  APPROX. ATTEHN. ALPHAL
2420 Atten=Db(Ns>- (-8.686) 1 ATTENUATION ALPHA
2438 Peraleven(Hs)=RAtten-Attenapp ! RESIDUAL ATTEN. ALPHAZ

2448 NEXT HNs
2450 SUBEND
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ABSTRACT

The response of equispaced arrays, either linear, planar, or
volumetric, to distributed spatial fields, typically encounters
integrals which involve the kernel sin(Mx)/sin(x) or its square.
Since this kernel oscillates rather fast with x for large M and
does not decay with x, numerical integration of such functions
can be very time consuming. By resorting to Parseval’s theoremn,
such integrals can be significantly simplified, requiring only
the Fourier transform of the complementary part of the integrand.
This procedure is investigated and applied to several typical
examples; programs for the examples are also included.
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EVALUATION OF INTEGRALS AND SUMS

INVOLVING [sin(Mx)/sin(x))"
INTRODUCTION

The response of an equiweighted equispaced line array to a
distributed field involves the kernel sin(Mx)/sin(x) or its
square, depending on whether the voltage or power response,
respectively, is of interest [1,2]. Numerical evaluation of such
integrals can be very time consuming for two reasons: this kernel
oscillates quickly with x for large M, and it does not decay with
Xx. This necessitates fine sampling in x and large integration
regions, both of which can lead to a significant computational
burden, especially for two-dimensional or three-dimensional
arrays. The object of this report is to give an alternative
numerical procedure that can be very advantageous in some cases,
and, in fact, leads to closed forms for some examples.

The procedure is also applied to summations involving the
same kernel. 1Its utility depends on the rate of decay of the
complementary part of the original integrand, as compared with
the Fourier transform of this component. 1In any event, an
alternative is presented for the user to consider in any

numerical investigation.
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GENERAL APPROACH
For arbitrary function g(t), define its Fourier transform as
Glw) = I dt exp(-iwt) g(t) . (1)

(Integrals without limits are over the range of nonzero
integrand.) Then Parseval'’s theorem states that the following

two alternative integrals are equal:
v-jdt gtt) h*(t) = 22 [ do 6(w) B (W) . (2)

Here, H(w) is the Fourier transform of h(t). Now, if H(w) takes
on a noticeably simpler form than h(t), then the second integral
in (2) can offer an attractive alternative to the first integral

in (2). That will indeed be the case here.
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CASE 1

For integer M > 1 and constant y > 0, consider the special

choice of h(t) as

M-1
- sin(Myt) - _ -
hl(t) sin(yt) explivyt(2n+1-M)]
n=0
M-1
- Z' exp(iytm) , (3)
m=]1-M

where the prime on the latter sum denotes skipping every other

term. Then the Fourier transform, according to (1), is

M-1
8(w - ym) . (4)

Hllw) = 2n
M=]-M

Substitution of (3) and (4) in (2) yields

M-1

sin(Myt) '
v, = J dt g(t) S—E}?}:)L - Z G(ym) . (5A)
m=1-M

This result indicates that if G(w), the Fourier transform of
g(t), can be evaluated, then the t integral in (S5A) is given by a
finite sum of equispaced samples of G(w) at increment 2y. The
(complex) function g(t) in (5A) is arbitrary, except that the
integral must converge. When G(w) cannot be analytically
evaluated, then proper application of a fast Fourier transform
procedure to g(t) can be tailored to yield precisely the equi-
spaced samples required for the right-hand side of (5A); this

technique and a program is detailed in appendix A.
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An alternative more explicit form of (5A) illustrates the

calculations required:

((M=-1)/2 )
G(2yn) for M odd
n=(1-M)/2
Vl - . (58)
M/2-1
G(y+2yn) for M even
\ n=-M/2 )

1f function G(w) is even in w, then (5A) simplifies to

4 M__l \
G(0) + 2 }E:' G(ym) for M = 1,3,5,...
m=2
v1 - > . (6)
M-1
2 j{:' G(ym) for M = 2,4,6,...
\ m=1 J

A program for (6) is given in appendix B.

CASE 2

For integer M > 1 and constant vy > 0, consider the

alternative special choice of h(t) as

2 M-1

- [sin(Myt - . _ -
h, (t) [ETE%?%TL explivt(2n-2k)) (7R)
n,k=0
M-1
- ;Z: (M - |m|) exp(i2ytm) , (78B)
m=]1-M
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where we used (3). There is no prime on the summation in (7B)
because all terms from 1-M to M-1 are to be included. The

Fourier transform of hz(t) is

M-1
Hz(w) = 2n }E: (M - |m|) 8(w - 2ym) . (8)
m=1-M

The use of (7A) and (8) in (2) yields

M-1

2
in(M
v, = I at g(t) [SRAxEl]” . g (K - |m]) G(2vym) . (9)
m=1-M

Again, the integral of interest is given by a finite sum of
samples of the Fourier transform of g(t), also at increment 2y

in w. The fast Fourier transform technique and program presented
in appendix A is relevant here also. 1I1f G(w) is even in w, then

we can express (9) as

M-1
v2 = M G(0) + 2 }E: (M - m) G(2ym) for all M > 1 . (10)
m=1

A program for (10) is given in appendix B.

CASE 3

For arbitrary weights {wm} and frequencies {ym}, with

h3(t) = EE: Yo exp(iymt) ' (11n)
m

then we have a generalization of (3), with
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H3(w) - 20 EE: wm $(w - vm) . (11B)
m

(Summations without limits are over the range of nonzero

summand.) Use of these expressions in general result (2) yields

vy o= j dt g(t) Z o exp(~iy t) = Z W Gly,) . (11C)
m

m

Again, the Fourier transform of g(t) is required, but now at

general arguments {Ym}.

CASE 4

Function hz(t) in (7) is a special case of the weighted array

power response

EZ: Wy exp(-i2ytk)

k

h4(t) =

2
= Ez: ¢(m) exp(-i2ytm) , (12A)
m

where ¢(m} is the autocorrelation of the weights:

¢(m) = Z Wy w;_m - ¢"(-m) . (12B)
3

The integral in (9) is then generalized to
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v, I dt g(t) hy(t) = J at g(t)

2
Z vy exp(-i2vytk) -
k
= Z ¢(m) G(2ym) , (13A)
m

upon use of (12A), where g(t) can be complex and nonsymmetric.
Thus, integral \ requires the autocorrelation of weights {wk}
and the Fourier transform of g(t) for its evaluation. The
earlier result in (9) corresponds to weights Wy = 1 for
1 <k <M,

When function g(t) is real (but possibly nonsymmetric) and

the weights are real, (13A) can be simplified to

Vo = ¢(0) G (0) + 2 }E: $(m) G (2vym) , (13B)
m>1

where Gr(w) is the real part of Fourier transform G(w) in (1).

A program for (13B) is given in appendix B.
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EXAMPLES

EXAMPLE A

The first example of interest is

1
g (t) = , B> 0 . (14)
a (-2 + 8%
Its Fourier transform is
G, (w) = % exp(-ipw-Blw|) , (15)
for which the real part is
G, (w) = % cos(uw) exp(-Blw]) . (16)

Since integral (5) is obviously real for example (14), we

obtain
M-1
dat sin(Myt) E !
\'4 = > - G__(ym) . (17)
la J (t_”)z + 62 sin(vt) L ar

Substitution of (16) in (17) yields the closed form result

v. - J dt sin(Myt) _
la (t_”)z . B2 sin(vyt)
C1 El (1 - Ez) for M even
2n
= 8D|Em+3 Cm-1 ~ Emy1 Cmer * 1 » (18)
= (1 -E,) for M odd
2 4
where
E, = exp(-Bym) , C_ = cos{(uyym) , D =1 - 2 E, C, + E, . (19)




TR 8689

A program for (18) and (19) follows; it is written in BASIC for

the Hewlett Packard 9000 computer.

10
20
30
40
50
60
70
80
90
100
110
120
130

INPUT M,Beta,Gamma, Mu ! Beta > 0,
B=Beta*Gamma

C=Mu*Gamma

E=EXP(-B*2)

IF (M MODULC 2)=1 THEN 80
F=COS{C)*SQR(E)*(1-E)

GOTO 90

F=,5- _ 5%E*E
A=E*COS(C*(M-1))-COS(C*(M+1))
A=A*EXP(-B*(M+1))+F
Via=A*2*PI/(Beta*(1-2*E*COS(C*2)+E*E))
PRINT Via

END

Gamma > 0

Wwhen we instead substitute (14) and (16) in (9), there

follows

v - J at [s:}n(Mxt)]z .
2a (t_”)z + 52 sin(yt)
M-1
- % (M - |m]) cos(2xym) exp(-2Bvy|m|)
m=]1~-M

This finite sum can be written in compact form by use of

{3;

Then

0.113). Namely, define here

E = exp(-28y) ., C = cos(2py) , S = sin(2uy)

E, = exp(-28vYM), C

M = cos(2uyM), S

M
2 2

M

= gin(2uvyM),

10

(20)

(21)
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v - J dt [sin(Myt)]2
2a (t_”)z + B2 sin(yt)
2nM E
- EE[EA - -5((c B -2ENL-E, C,) +SAE, Su)] . (22)

A program for (21) and (22) follows.

10 INPUT M,Beta,Gamma,Mu ! Beta > 0, Gamma > 0

20 Tb=2*Beta*Gamma

30 Tm=2*Mu*Gamma

40 E=EXP(-Tb)

50 A=E*E

60 B=l+A

70 A=1-A

80 C=COS{Tm)

90 D=B-2*E*C

100 Em=EXP(-Tb#*M)

110 T=(C*B-2*E)*(1-Em*COS(Tm*M))

120 T=T+SIN(Tm)*A*Em*SIN(Tm*M)

130 T=.5*M*A-T*E/D
140 V2a=T*2*PI1/(Beta*D)

150 PRINT V2a

160 END

EXAMPLE B

The next example *o be considered is
g, (t) = — alet) . g0, 0. (23)
(t=p)” + B

Since gb(t) is a product of two functions, its Fourier transform
Gb(w) is given by a convolution of the individual transforms.

The Fourier transform of the first term in (23) has already been
encountered in (15), and the Fourier transform of the second term
in (23) is a rectangle located on interval (-«, o) in w.

Therefore, Gb(w) is given by convolution

11
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W+a

Gpl0) = 7o f du exp(-ipu-glul) . (24)
w-a
Since gb(t) in (23) is real, we need only evaluate the real part,

Gbr(w), of Gb(m). With the aid of auxiliary variables

C, = coslww), S, = sin(pw), €, = cosh(Bw), S, " sinh(Bw),

C, = coslua), S = sin(ua), €, = cosh(Bea), 5 = sinh(B«),

17 & G (B Co

vS)+85,8, (pC + 8B5S,

By =S C,  (BC,-uS,) +C S (ucC, +BS,), (25)

we find that Gbr(m) is given by

A
€
A
R

B - exp(-Ba) B, for 0 <
n

— {26)
u5(52+u2)

Gbr(w) =

A
€

exp(-Bw) B, for «

To complete the description, we obsecve that Gbr(w) is even in w
because gb(t) is real. A program for Gbr(w) follows, where we

have made the following identifications: W = w, A = o, B = 8,

U = yu.

10 DEF FNGbr(w,A,B,U) 100 1IF wWa<A THEN 150

20 Wa=ABS(W) 110 Ra=l./Ea

30 F=PI/(A*B*(B*B+U*U)) 120 T=(Ra-Ea)*Ca*(B*Cw-U*Sw)

40 Ea=EXP(~B*A) 130 B2=.5*(T+(Ra+Ea)*Sa*{U*Cw+B*Sw))
50 Ew=EXP(-B*Wa) 140 RETURN F*Ew*B2

60 Ca=COS(U*A) 150 Rw=l./Ew

70 Cw=COS(U*Wa) 160 T=(Rw+Ew)*Cwx{B*Ca-U*Sa)

80 Sa=SIN(U*A) 170 Bl=,5*(T+(Rw-Ew)*Sw*(U*Ca+B*Sa))
90 Sw=SIN(U*Wa) 180 RETURN F*(B-Ea*Bl)

190 FNEND

12
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1f we now employ (23) in (5), we obtain
M-1

- Gbr(Ym) ' (27)
m=1-M

v - J dt sin{at) s@n(Myt)
1b (t_”)z + 62 at sin(yt)

where Gbr(m) is given by (25), (26), and its even property.

Since there is a break in the analytic form for th(w) at w = +o,
it is not reasonable to perform the summation in (27) in closed
form; those terms in (27) for y|m| < « utilize the upper line of
(26), while those for y|m| > a« utilize the lower line of (26).
However, since Gb[(m) is even in w, the simplification in (6) is
applicable.

Instead, when (23) is substituted in (9), there follows

M-1

. 2

dt sin{at) [sin(Myt) Z

V,, = : - (M - |m|) G, _(2ym),
2b J (t_”)z + s2 at [51n(yt) ] Ly br

(28)

where Gbr(w) is given by (25) and (26). Again, the break in form
of Gbr(w) at w = +a precludes a closed form result for the
summation in (28); also, the simplification in (10) is

immediately applicable to (28).

13
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EXAMPLE C

The final example is

. 2

1 sin{at)

g (t) = , g8 >0, a>0. (29)
c (t_”)z + sZ [ at ]

The Fourier transform of the second term in (29) is a triangle

located on interval (-2«a, 2a) in w. Therefore, Gc(m) is given by

convolution
Ww+2a
- N i gu— _ Jw-ujf
Golw) = 5z I du exp(-iumu-8lu]) (1 -y ] : (30)
-2

Because gc(t) is real, only the real part of (30) is needed.
This tedious calculation has been carried through, with the

following result; define auxiliary variables

R = B2-4%, 1 = 284, D = g2+42, E, = exp(-Bw), E_ = exp(-2Bal,
€, = cosh(2Ba), S = sinh(2Ba), C_ = cos(2px), S_ = sin(2pa) ,
Co = cosh(Bw) , S, = sinh(Bw) , C, = cos(pw) , 8 = sin(pw) ,
c; =¢C,C,(RC_-1IS)+58 S (RS +1IC),
C, =C,C ,(RC ~-I8)+S8 S (RS +1IC),
C=RC -18_ . (31)

w w

Then we find that real part

1 for 0 < w € 2«

= —
Gcr(w) = ZaZSDZ .{32)
- Ew C + Ew C2 for 20 < W

DB (20 - w) - Ew C + Ea C

14
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Also, Gcr(w) is even in w. A program for Gcr(w) is listed below,

where W= w, A # «, B u B, Umnm pg.

10 DEF FNGcr(wW,A,B,U) t{ A>0, B>O
20 Wa=ABS(W)

30 Tb=2.*A*B

40 Tu=2,*A*U

50 Bw=B*Wa

60 Uw=U*Wa

70 B2=B*B
80 U2=U*U
90 R=B2-U2

100 I=2.%B*U

110 D=B2+U2

120 Ew=EXP{-Bw)

130 Ea=EXP(-Tb)

140 Ca=COS(Tu)

150 Sa=3IN{Tu)

160 Cw=COS(UW)

170 Sw=SIN(Uw)

180 C=R*Cw-1*Sw

190 1IF Wa<2.*A THEN 250

200 Ra=l./Ea

210 C2=.5*(Ra+Ea)*Ca*C

220 C2=.,5*(Ra-Ea)*Sa*(R*Sw+I*Cw)+C2
230 T=Ew*(C2-C)

240 GOTO 2S¢

250 Rw=l.,/Ew

260 Cl=_,5*(Rw+Ew)*Cw*(R*Ca-I*Sa)
270 Cl=.5*%(Rw—-EwW)*Sw*{R*Sa+I*Ca)+Cl
280 T=D*(Tbh-Bw)-Ew*C+Ea*Cl

290 RETURN PI*T/(Tb*A*D*D)

300 FNEND

We now substitute (29) into (5) and get

P

M-

. 2 -1
dt sin(at)]® sin(Myt) _ '
Ve T J : 2 [ at ] sin{yt) é G lym) , (33)
(t—”) - 8 m=1-M

where Gcr(w) is given by (31), (32), and its even character. The
break in form in (32) at w = +2a precludes a closed form for the

sum in (33). liowever, (6) is still applicable.

185
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When (29) is utilized in (9), there follows

v . J dt [sin(at)]z [s;mmc)]z }
2¢ tom? . a2 ot sin(vt)
-1
~ Z (M - |m]) G  (2vym) . (34)
m=1-M

Equation (10) may also be employed here.

SPECIAL CASES

If we set M = 1 in (17), there follows

™=

dt
-G (0) =1, (35)
J (t-u)% + g2 arf

where we used (16). The same case in (27) yields

dt sin{at)
=G, (0) =
J (t—u)2 + 62 at br

= —D1 (B - exp(~-Ba) [B cos(ua) - u sin(wa)]} , (36)

a8(82+u2)

upon use of (26) and (25). Finally, from (33),

16
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r

. 2
dat sin(at) -G (0) =
j (t_u)z + 52 { at ] cr
- "2 22(20:3(824-112)-R+Ec(RCa-—ISu)),
228 (8%44%)

using (32) and (31).

17,18
Reverse Blank

(37)
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APPLICATION TO SUMS

In this section, it is more convenient to use Parseval’'s

theorem (2) in the form
w* *
V - I dt g(t) h*(t) = I df G(£) H (£) .,
where Fourier transform

G(f) = j dt exp(-i2nft) g(t)

Now, we take as our candidate h(t) function,
h(t) = p(t) 88,(t) ,

where §,(t) is the infinite impulse train

SA(t) = EZ: §(t - ka)

k

The Fourier transform of h{t) is then

k
H(f) = B(f) @ &, ,(f) = EZ: p(e - §) .
K

where P(f) is the Fourier transform of p(t), ® denotes
convolution, and we have utilized the fact that the Fourier
transform of impulse train A&A(t) is another impulse train,

81/A(f).
Substitution of (40) and (42) in (38) yields

19

(38)

(39)

(40)

(41)

(42)
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Vo= A Z g(kd) p (kd) = Z J-df G(f) P*(f - %] . (43)
K k

For general p(t) and P(f), this will not be a useful relation,
since the right-hand side of (43) is an infinite sum of
integrals. However, we will be interested here only in the

special cases of

. n
p(t) = [§i§i§1£l] ' n integer . (44)

sin(vt)

CASE n = 0
For n = 0, the above relations specialize to

p(t) = 1 ’ P(f) = 6(f) ’

v, =8 Z g(ka) = Z G[%) . (45)
k

This is a discrete version of Parseval’s theorem. Although one
infinite sum has been traded for another, we can now choose that
alternative that has the most rapidly decaying (and/or easily

computed) summand for numerical evaluation.

20
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CASE n = 1

Now we have, via (3),

M- 1
sin(Myt) .
51n(yt) exp(1ytm) . (46)

m=1-M

p(t) =

There follows

M-1
P(f) = Ta(e - 1Y,
m=1-M

e 4

-1

H(f)=Z Z s[t-%—lﬁ],

k mel-M

- sin{Mybk) -
vy = 8 Z 9(k8) SIn(vaK) (47)
K

M-1

-Z Z'G(%+:2(%) : (48)
k m=l-M
Again, we have an alternative infinite sum (48) that
hopefully decays faster than the original sum (47). The
sin(Mx)/sin(x) term does not help convergence in (47) because
this term rever decays for large x. Although (48) is a double
sum, the summation on m only contains M terms; the utility of

(48) depends heavily on the asymptotic decay of G(f) for large f.

21
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CASE n = 2

With the aid of (7), we now find

M-1
p(t) = [:iﬁ(?tg) - |m]) exp(i2vytm) ,
m=1-M
M-1
P(£) = - |m]) 8(f - 1) ,
mel-M
M-1
H(f)-z (M—lml)s(f-%—l—:%],
k m=l-M
- sin(Mydk) -
v, = 8 Z g(ka) [sm(wk) ] (49)
K
M-1
-Z Z (M - lml)G(%+1%) : (50)
k m=1-M
EXAMPLE
Consider, as in (14) and (16),
1
g (t) - ?
2 (t-u)? + g
Gy () = % cos(2nuf) exp(-2nB|f]) . (51)

The summations in (47) and (49) are very slowly decaying, leading

to difficulty in attaining accurate results., The alternatives in

22
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(48) and (50), on the other hand, have exponential decay and can
be evaluated quite accurately. The additional examples given
earlier in (23) - (26) and in (29) - (32), along with the
corresponding programs, lend reasonable alternatives to some

otherwise lengthy numerical calculations.

SOME RELATED SUMS

Here, we collect a few closed form results for sums involving

the sin(Mx)/sin(x) kernel. For ease of notation, define

- sin{Mkn/N)
SyiM k) = CTntkn/N) (52)
Observe that
M for k = 0, +2N, +4N,...
SN(M.k) = . (53)

M(-l)M"1 for k = +N, +3N,...

Then, we find the sum over one interval to be

N-1 M for M even
}E: SN(M,k) - ' (54)
k=0 N(1l + 2J) for M odd
where
J = xuw[ﬂgﬁ] i (55)

23
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The sum over a double interval is

2N-1 0 for M = 0,2,4,......
zz: SN(M,k) = . (56)
k=0 2N for M =1,3,...,2N-1

The correlation on the second variable of SN is
N-1

Sy(M k) S (M, k+j) = N S (M,j) for 0 < M < N and all j. (57)
k=0

Finally, the correlation on the first variable is

N-1
zz: Sn(M/k) S (M+2L,k) = M(M + 2L) +
k=0
M(N - M - 2L) for 0 <M+ L <N
+ . (58)
N(3M + 2L -2N) - M(M + 2L) for N < M+ L

for all M, L, N, wherge

M =MMOD N , L =1L MODN . (59)

24
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SUMMARY

Extensions to integrals involving [sin(nx)/sin(x)]n for n > 2
are possible, based upon the results presented here. For

example, starting from (12A) for arbitrary weights, we could

consider
hs(t) = hi(t) - Z v(p) exp(~-i2ytp) , (60)
P
where
vi(p) = Z ¢(m) ¢*(m-p) (61)
m

is the autocorrelation of sequence {¢(m)} defined in (12B).

Therefore, Fourier transform

Hs(w) = 27 Z vip) &(w + 2vyp) , (62)
p
giving rise to
Ve = I dt g(t) hs(t) = }[: vip) G(2vp) . (63)
p

The case of equal weights {wk} in (12A) now corresponds to n = ¢
in the sine function ratio above, and vy(p) is the autocorrelation

of a triangular seguence.

25
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The evaluation of integrals and sums involving the term
[sin(Mx)/sin(x)]™ can often be simplified by the use of
Parseval’s theorem because thies term has a Fourier transform
which is a finite sum of delta functions., Major effort can then
be concentrated on getting the Fourier transform of the
complementary part of the integrand. This procedure has been
applied here to several examples which arise in evaluation of the
response of equispaced arrays to distributed spatial fields. For
more complicated fields, a fast Fourier transform procedure
combined with the above result leads to a very efficient method
of integral evaluations; see appendix A. Applications of this

procedure have been made in [5].

26
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APPENDIX A - USE OF FAST FOURIER TRANSFORM

The summations for V1 and V2 in (5) and (9), respectively,
require the evaluation of the Fourier transform of g(t), namely
G(w), at equispaced increment 2y. But this latter function can

be approximated by means of the trapezoidal rule according to

Glw) = Idt exp(-iwt) g(t) =

= A }E: exp(-iwdn) g(nd) = G(w) = Ez: G(w - ng%) ’ (A-1)

n n

where A is the sampling increment in t. The latter summation in
(A-1) indicates aliasing lobes separated by 2n/A on the w axis.
In order to control the aliasing in (A-1), we must choose 4 small

enough, say 4 < 8- Then samples of aliased approximation G(w)

in (A-1) at multiples of 2y are given by

G(2ym) = & j{: exp(~i2yAmn) g(na) . (A-2)
n

Now since A is arbitrary, except for upper limit Ao’ choose

(A-3)

Zla

where N is an integer and 2y is the prescribed increment in w.

In order that A be less than Ao' we must take integer
N);—E-'. {A-4)

Use of (A-3) in (A-2) gives the approximation samples

27
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G(2ym) = & }Z: exp(-i2nmn/N) g(nd) = (A-5)
n
N-1
= 4 E:: exp(-i2nmn/N) gc(nb) ' (A-6)
n=0

where "collapsed" sequence [4; pages 4 - 5]

gc(nb) = }E: g(na + kNa) for 0 < n <N -1, (A-7)
k

The manipulation from (A-5) to (A-6) is exact; it avoids
truncation error normally associated with functions g(t) which
decay slowly with t. The sum on k in (A-7) must be carried out
(for each n) until negligible values for g are encountered for
both positive as well as negative values of k. !

Equation (A-6) indicates that values of G(2ym) for m = 0 to
N - 1 are available by an N-point fast Fourier transform when N
is a power of 2. These are exactly the values of G(w) needed for
the sum in (5B) for M odd, as well as for the sum in (9) for all

M. The values for negative m required in (5) and (9) are

available in locations m mod N. A program for these cases is
attached at the end of this appendix.

In order to get all the desired values of G(2ym) required for
(9), without aliasing, we also require that N/2 > M. (On the
other hand, the requirement for (5), with M odd, is slackened to

N > M.) Thus, the final condition on integer N is

n
N > max(YAo, ZH) for (9) . {A-B)

28
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For the case of (5) with M even, where the increment on w is

2y, but starting at w = y, we return to (A-1) to find that

G(y + 2ym) = & }E: exp(-iyAn - i2yAmn) g(na) . (A-9)
n
The same choice of 8 in (A-3) now yields
G{y + 2ym) = & }E: exp(-i2nmn/N) exp(-inn/N) g(na) . (A-10)
n
This result is identical to (A-5) except that g(na) must be
replaced by

exp(-inn/N) g(na) = §(na) . (A-11)

-~

Calculation of the collapsed version of § is eased by the

observation that

§c(n6) = E:: §(nd + kN3) =
k

- }Z: exp{-in(n + kN)/N) g(nd + kN4, =
k

= exp(-inn/N) EZ: (-1)k g(na + kNA) for 0 < n <N -1, (A-12)
k

thereby leading exactly to

N-1
G(y + 2ym) = & }Z: exp{~i2nmn/N) §C(nA) . (A-13)
n=0




The leading phase factor in (A-12) only needs to be evaluated at

N different values (perhaps by recurrence), and the sum in (A-12)
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requires differencing of "adjacent” samples of g spaced by Na,

rather than the straight summation previously adequate for (A-6)

and (A-7). Condition (A-8) applies here as well.

PROGRAM FOR (5B) WITH M ODD, AND FOR (9)

L g Pl o G50 0 N L L Py e
DA D DO R0 D0 D D DD

[ A e et

160

TR Q682, FFT EVALUATION OF <(9> FOR ALL M, AKRD <S> FOR M QDD

Ti=-3000 ! LEFT EHD ARRGUMEHNT FOR g4 t>
RIGHT EHD RRGUMEHNT FOR g(t>

2=3000 {
Delrtao=,B8%5 ! STARTIHNG Deilta, (A-4)
=7 ! IHTEGER Il (9> AHD (5)
Gamma=, 785 t  CONSTRHT IH (3> ARHD (3
T=P[-{Gamma*Deltao)
ti=1

IF HO>MAXC(T,2¥M) THEH 120 t (A-8D

H=H%2 i H = SIZE OF FFT

GNTO 90

Ilelta=Pl/(H*¥Gammna) 1 (A=-3), IHCREMEHT IH 1
DOURLE M,H Hs ,H1,H2,Hn ! THTEGERS

FEDIM Cos(H/4) ,X(A3H-1>,Y(B:1H~-1)

DIM Cose(10824),X(40%963,Y(4096>

T=2.%P1/H

FOR He=0 TO H-/4

Cos(Hg)=COS(T*Hs? | QURRTER-COSIHE TAELE
HEXT Hs

MAT X=(0.>

MAT ¥Y=(@.)

H1=THTC(T1-Delt ad

H2=1HT(T2/Deltad+l

FOR Hs=H1 T0O H2

T=Delta*hs 1 ARGUMEHT OF IHTEGRAND
G=FUL(T) | INTEGREAND q<t>, REAL HERE
IF HMe=H1 THEH FPRINT "IHTEGRAUD AT LEFT END ="31G

IF Hz=H2 THEW PRINT "IHNTEGRAHD AT RIGHT END =3

Hn=Hs MODULC H

HOHNY=XHR) +G t COLLAPSING

HEXT Hs

MAT H=¥*¥(Delta)

CALL FFt14(H,Cos(#),X(#),Y (%)) { @ SUBSCRIPT FFT
GINIT

FLOTTER IS "GRAPHICS"

GRAPHICS OH
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378
3g8e
390
4009
410
420
438
449
458
460
470
480
490
508
S1e@
520
538
548
550
560
570
580
590
£89
€10
620
€30
649
€50
660
678
£80
690
700
710
720
738
749
750
760
770
788
798
809
g19
8206
8386
840
85a
860
87@e
230
894
1:1%)
910
320
330
240

TR 8689

N2=N-2

WINDOW -H2,N2,-16,2

L INE TYPE 3

GRID M-8,2

LINE TYPE 1

FOR Ns=-H2 TO0 N2

Mnh=He MODULO N

¥n=X(Hn)

¥Yn=Y{(Hn)>

T=Xn*¥n+tYn*¥n

IF T>0. THEH 590

PEHUP

GOTO S18

PLOT Ns,.S*LGTC(T) !
NEXT Ns

PEHUP

FRUSE

VZr=V2i=0. !
FOR Ns=t~M TO M-I

T=M-ABS(Ns>

Nn=Ns MODULO N

V2r=¥2r+T#X(Nn) |
V2i=V2i+T#Y(Nn> |
NHEXT HNs

PRINT

MAGHITUDE OF TRANSFORM

(9>

¢9>, REAL PART
<9), IMAG PART

PRIHT "EDGE VYRLUES USED IHN SUM: "sNn3X{(Hn);Y(Hn)

PRINT "Y2r = ";¥2r,"V2r/M 2 = ";V2r/Ms2
PRINT "V2i = "jV2i,"V2i/M~2 = “3V2i/M~2
PAUSE

Vir=y1i=0, I (S

IF (M MODULO 2)>=1 THEN 700

PRIHT “NHO GOOD FOR <¢(S5> WHEN M IS EVEN"

PAUSE

Mi=(M-1)r2

FOR Hs=-M!l TO M1

Hn=Ns MODULO N

Vir=¥Yir+X<«(Nn) !
Vii=vV1i+¥Y(Nn {
MEXT Ns

PRINT

(5>, REAL PART
¢5>, IMAG PART

PRINT "EDGE YRLUES USED IN SUMt "jNnjX<Nn)jYC(Nn>

PRIMT "Vir = "j¥1lr,"Vir/M = “jVir/M
PRINT "vii = "j3¥ii,"vii/M = "3V1isn

PRINT

PRUSE

END

!

DEF FHGC(T) 1
Mu=,71

Beta=,49061

Alpha=,565

(29) EXAMPLE

IF T=8., THEN RETURN {./(MusMu+BetazBeta)

A=AlphasT

S=SIMC(AY /A

A=T-Mu

RETURN S*#S-(AsA+Beta*Beta)

FHEND
!
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117e
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1209
1210
1228
1230
1240
1258
1268
t2ve
12880
1290
1200
131@
1320
1338
13240
1338
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SUR Fft14C(INUBLE H,REAL Cos(*),X(#>,Y(%>) | Ni=2~14=16284; @ SUBS
DOUELE Log2n,N1,H2,H2,N4,J,K ¢ IHTEGEPS < 2+31 = 2,147,483,648
DOUBLE 11,12,13,14,15,16,17,18,19,110,111,112,11%,114,L8:1%>

IF H=1 THEH SUBEXIT
IF H>2 THEH 1e7e
A=X(B8Y+X (1)
XC1)=RC@I» =X
X(@>=R/

RA=YL@X+Y (1)
YC1I=Y(@r-v(t)
Y<(@>=8

SUBEXIT
A=LOG (Y ~LOGC2,)
Lag2n=f

IF ABS(A-Log2n><1.E-8 THEH 1120
FRINT "H ="3;H;"1S HOT A POMER OF 2; DISALLOWED."
PRUSE

Ni=H-4

H2=H1+1

N3=H2+1

He=-i{3+H1

FOR 11=1 T0O Logen
I2=2~(Log2n-11)>
13=2+12

14=H/13

FOR IS5=1 TO 12
I6=CI5~1)%14+1

IF 16<{=N2 THEN 1268
Al=-Cos(N4-16-1>
A2=-Cos(l6-N1=-1)
GOTO 1288
Rl=Cos(l6-1>
A2=-Cos(H3-16-1)
FOR IV=B TO N~-I3 STEP 13
[8=17+15-1

19=18+12

T1=X(18>

T2=X(19)

T3=Y(18>

T4=Y (19

A3=T1~-T2

A4=T3-T4
KCIgr»=T1+472
YCIBI=T3+T4
HCI9Y=A1*A3-A2+%A4
Y(I19>=A1*¥A4+A2%A3
HEXT 17

HEAXT IS

HEXT It
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1440
1450
1460
1470
1480
1490
15680
1510
1529
1538
1549
1550
15¢€0
1570
1580
1590
1608
1610
1620
1630
1640
1€5a
1669
1670
1686
1690
1voe
1718
1720
1739
1740
1v5e
1760
1778
=1
t7%e
1860
1810
1820
1830
1840
1850
18690
1870
18388

Ii=Log2n+i

FOR I2=1 TO 14

L¢I2

~1>=1

IF 12>Logen THEHN
LCI2-10=2~C11~-12)

MHEXT
K=0
FOR
FOR
FOR
FOR
FOR
FOR
FOR
FOR
FOR
FOR
FOR
FOR
FOR
FOR

12

It=1 T0 LC1I3)
LCEI2) STEP LC13D
LCi1) STEP L(12)
L(1@> STEP LC(11)

I2=11
I3=12
14=13
15=14
1e=15
i?=16
18=17
19=18

10
T0
T0
TO
TO
T0
T0
10

L(9)
L¢B>
L(?
L(6>
L{SO

1490

STEP
STEP
STEP
STEP
STEP

TR 8689

Lci1@d
LC
L(8>
LC(?>
L)

118=1I9 TO L(4)> STEP L(5)

I11=110 TO L(3
112=I11 70 L(2)
113=112 70 L<C1D
114=113 TO L(@)

J=114-1
[F K>J THEM 1730
A=X(K)

RCKD
KD

=¥
=R

A=Y (K>

YK
Yl
K=K+
NEXT
MEXT
HEXT
HEXT
HEXT
HEXT
NEXT
HEXT
HEXT
HEXT
HEXT
HEXT
HEXT
HEXT

=Y
=R

1
114
113
112
111
110
19
18
17
16
I3
14
13
12
11

SUBEND

STEP L<4)
STEP L(3)
STEP L(2)
STEP L(1>
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APPENDIX B — PROGRAMS FOR (6), (10), AND (13B)

Table B-1. Program for (6)

10 M=7 ! > 0

20 Gamma=1.31 i1 >0

30 DOUBLE M,Ms ! INTEGERS
40 S=0,

50 IF (M MODULO 2)=1 THEN 110
60 FOR Ms=1 TO M-1 STEP 2
70 S=S+FNG(Gamma*Ms)

B0 NEXT Ms

90 V1=2,*§

100 GOTO 150

110 FOR Ms=2 TO M-1 STEP 2
120 S=S+FNG(Gamma*Ms)

130 NEXT Ms
140 V1=FNG(0.)+2.*S

150 PRINT M,Gamma,Vl

160 END

170 1
180 DEF FNG(W)

Table B-2. Program for (10)

10 M=6 t >0

20 Gamma=.71 ! >0

30 DOUBLE M,Ms ! INTEGERS
40 G2=2.*Gamma

50 S=0.

60 FOR Ms=1 TO M-1

70 S=S+(M-Ms)*FNG(G2*Ms)
80 NEXT Ms

90 V2=M*FNG(0.)+2.*S
100 PRINT M,Gamma,V2

110 END

120 ¢

130 DEF FNG(W)
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> 0
> 0
INTEGERS

REAL WEIGHTS

CORRELATION OF WEIGHTS

INTEGER

FLAT WEIGHTS
HANN WEIGHTS
HAMMING WEIGHTS

NORMALIZATION

Table B-3. Program for (13B)
10 M=9 ]
20 Gamma=.79 {
30 DOUBLE M,Ms,Ks !
40 DIM W(100)

50 REDIM W(1l:M)

60 CALL Weights(M,W(*)) !
70 G2=2.*Gamma

80 S=0.

90 FOR Ms=1 TO M-1
100 Phi=0.
110 FOR Ks=Ms+l1 TO M
120 Phi=Phi+W(Ks)*W(Ks-Ms) !
130 NEXT Ks
140 S=S+Phi*FNGr(G2+*Ms)
150 NEXT Ms
160 pPhi=(,
170 FOR Ks=1 TO M
180 Phi=Phi+W(Ks)*W(Ks)
190 NEXT Ks
200 V4=Phi*FNGr(0.)+2.*S
210 PRINT M,Gamma,V4
220 END

230 1

240 SuUB Weights(DOUBLE M,REAL Wwi*))
250 DOUBLE Ks !
260 T=2.*PI/M

270 FOR Ks=1 TO M
280 D=Ks-.5
290 W(Ks)=1. !
300 W(Ks)=.5-.5*COS(T*D) !
310 W(Ks)=.54-.46*COS(T*D) !
320 NEXT Ks

330 MAT W=W/SUM(W) ]
340 SUBEND

350 1@

360 DEF FNGr(w)
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Operating Characteristics for Weighted
Energy Detector with Gaussian Signals

Albert H. Nuttall

ABSTRACT

The performance of several weighted energy detectors of
Gaussian signals in noise are investigated, both by exact
procedures and by five different approximation procedures. 1In
particular, receiver operating characteristics, for false alarm
probabilities ranging from 1E-10 to .1 and detection
probabilities ranging from .01 to .999, are guantitatively
compared. The standard Gaussian approximation is found to be
severely deficient and generally optimistic for small false alarm
probabilities, while two different fourth-order approximations
have excellent capability over the entire range of probabilities
considered.

A method of avoiding the calculation of the eigenvalues of a
covariance matrix, and yet accurately predicting performance of a
fading medium, is presented. It requires only sums of products
of the covariance elements directly, the precise number depending
on the order of the approximation.

Approved for public release; distribution is unlimited.
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OPERATING CHARACTERISTICS FOR WEIGHTED

ENERGY DETECTOR WITH GAUSSIAN SIGNALS

INTRODUCTION

The operating characteristics of an equi-weighted energy
detector for Gaussian signals in noise, in terms of false alarm
and detection probabilities, can be characterized mathematically
by a partial exponential expansion, and have previously been
numerically evaluated for arbitrary numbers of samples and
signal-to-noise ratios [1; (7) - (8) and figures 2 - 6].
However, when the weights employed in the energy detector are
unequal, or if the signal and noise powers on each sample are
unequal, these results do not apply and can be misleading,
especially when the number of samples summed is not large. What
is needed, in this case of arbitrary numbers of samples and
unequal weights or powers, is an exact approach in terms of the
characteristic function of the decision variable; this latter
function is frequently available in closed form and can be
employed in the fast efficient procedure presented in [2] and
utilized in [3,4,5] for direct accurate evaluation of the
exceedance distribution function.

At the same time, it would be very useful to have accurate
approximations for the receiver operating characteristics, which
apply over the full range of applicable false alarm and detection
probabilities, yet are easily computed in terms of readily

available functions, or circumvent some of the more difficult
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numerical procedures required in the exact approach. Here, we
will consider four such approximations, namely Gaussian, chi-
square, constant plus chi-square, and generalized noncentral
chi-square, and demonstrate the range of applicability of each.

Thus, our goals here are two-fold

(1) determination of exact operating characteristics of
arbitrary weighted energy detectors along with working programs,
thereby allowing for investigation of other similar cases of
interest to the user; and

(2) construction of accurate simple approximations to the
operating characteristics, which can be extended to related
difficult problems and/or circumvent complicated numerical
procedures.

As a by-product, the inadequacy of some extant approximations
will be delineated quantitatively; in particular, the generally
optimistic results predicted by the Gaussian approximation will
be shown to prevail even when the number of independent samples

involved in the energy detector is very large.
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CHARACTERISTIC FUNCTION

We presume that we have M channels (or samples) containing
either noise-alone or signal-plus-noise, and that the random
variables in each channel are statistically independent of each
other. Specifically, for our interest, the output envelopes,
{em} for 1 < m < M, of M disjoint narrowband filters are
subjected to weighted square-law summation for purposes of
threshold comparison and a statement about signal presence or
absence on that particular obszrvation of M outputs. The

decision variable in this case is

M M
2
X = E woe = E LN S (1)
m=1 m=1

where weights {wm} are all positive but otherwise arbitrary, and
the M squared-envelope outputs {zm} are statistically independent

and identically distributed. An example is afforded by a finite-

time exponential summer where W = A rm"l , T €1, 1 < m < M.

Without loss of generality, the sum of the weights is set
equal to unity,
M

Vo = 1 ; that is, A =

1-r
1—rM

me=]1

Then, the mean of random variable x in (1) is equal to the mean
of each random variable Z because all the {zm} are identically
distributed. (If there are scaling differences in the variables

{z_}, these factors can be absorbed in modified scalings (wm},

m
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without loss of generality.) Under these assumptions, it should
be observed that the performance of the weighted energy detector
in (1) is independent of the ordering of the weights; thus, the
weights can be arranged in any order without affecting the
detection capability. Also, the absolute level of the {wm}

cannot affect the operating characteristics of detector (1).

STATISTICS OF Zm

For Gaussian signals and noises present at the inputs to the
M narrowband filters in (1), the probability density function of

each filter output envelope-squared random variable 2 is

pz(u) = % exp[zg) for u » 0 , {3)
where parameter
1 for noise-alone
a = (4)
1 + R for signal-plus-noise

Here, we have normalized according to the noise power; that is,
the mean of random variable Zn is set equal to 1 for noise-alone.
This presumption is equivalent to having knowledge of the average
noise level in the absence of signal and can be accomplished in
practice by monitoring the filter outputs over a sufficiently
long past interval of time. Also, R is the signal-to-noise power
ratio per sample at the output of each filter.

The characteristic function of each random variable Zn in (1)

is given by expectation (ensemble average)




TR 8753
£,(8) = E{exp(ifz)} = [ du exp(ifu) p,(v) = ;=15 (s)
2 Xpii1egz u expliidu pzu l—iEa'
where we used (3). The cumulants {xz(k)} of z, are immediately
available from (5) as
1 k
('S Xz(k) = a for k > 1 . (6)

Actually, these are scaled cumulants, by the factor 1/(k-1)!;

they are more convenient and will be employed henceforth.

CHARACTERISTIC FUNCTION OF OUTPUT x
The characteristic function of summation random variable x in

(1) is given by expectation

M -1

M
£ (&) = E{exp(i&x}] = TﬁT £ (w &) =

(1 - iawma} , (7)
m=] m=1

where we used the independence of the {zm} and relation (5). The

(scaled) cumulants of x are available from (7) according to
TI:%TT Xx(k) = ak }E:w: = ak Wy for k > 1 . (8)

In particular, the mean and variance of x are, upon use of (2),

2

2
My = xx(l) -aW =a, L xx(2) = a“ W (9)

2

The desired closed form for the characteristic function of x is
given by (7), where the signal-to-noise ratio parameter a is
given by (4). Result (7) applies for arbitrary M, weights {wm},

and per-sample signal-to-noise ratio R.
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SOME RELATED RESULTS

Characteristic functions of the form of (7) occur in numerous
problems., For example, the stability of a spectral estimation
technique employing overlapped FFT processing of windowed data
encountered this form [6; (35) and (15)}, where weights {wm} were
proportional to the eigenvalues {Am} of a normalized covariance
function. Another example is furnished by diversity combination
in a channel subject to partially-correlated signal fading; see
[7; (D-14)]), [8; (24)]), and [9]. In particular, the exact

characteristic function in [7) and [8] took the form

M -D

U{l - igfo? zxm]} , (10)

m=]

where [Xm} are the eigenvalues of a covariance matrix. Parameter

D was the order of diversity in (7], but was equal to 1 in (8].

GAUSSIAN APPROXIMATION TO EXCEEDANCE DISTRIBUTION

For the general characteristic function given by (7) and (4),
a Gaussian approximation to the probability density and
exceedance distribution functions is given in appendix A. It is
derived for arbitrary M, weights {wm}, and signal-to-noise ratio
R. However, its applicability to numerical evaluation of
receiver operating characteristics, in the form of detection
versus false alarm probabilities, will be shown to be rather

limited in the next section.
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EXCEEDANCE DISTRIBUTION FOR ALL WEIGHTS EQUAL
In this section, the weights {wm} in (1) and (2) are equal:

LA for 1 {m {(< M. {11)

The characteristic function in (7) then becomes

£,08) = (1 - ika/m)™" . (12)

This corresponds to a multiple of a chi-squared random variate
with 2M degrees of freedom. The corresponding probability

density function is

uh-1 exp(-uM/a)

(M-1)1 (a/m)™

px(u) = for u > 0 , (13)

while the exceedance distribution function is, for u > 0,

Qx(u) = J dt px(t) = exp{-uM/a) eM_l(uM/a) ] En_l(uM/a) . (14)
u

Here, en(x) is the partial exponential function [10; (6.5.11)},
n xk
e (x) = Z—,— ' (15)
k=0

and we have defined auxiliary function
En(x) = exp(-x) en(x) for x 2 0 . {16)

1f threshold value T is used for comparison with output x of

the energy detector (1), then the false alarm probability P is
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Pp = Q (T; a=1) = E, ,(TM) . (17)

Similarly, the detection probability PD is, from (14) and (4),

Py = Q,(T; a=1+R) = g"_l[ TM)

T+R {18)

When T is eliminated between (17) and (18), the operating
characteristics (PD versus PF) can be plotted, with signal-to-
noise ratio R as a parameter. Separate plots are required for

different values of M, the number of envelope-squared samples.

GRAPHICAL RESULTS
The receiver operating characteristics (ROC) for
Mm=1,2, 4, 8, 16, 32, 64, 128, 256, 512, 1024 (19)

are plotted in figures 1 through 1, on normal probability paper,
for false alarm probabilities ranging from 1E-10 to .1 and for
detection probabilities ranging from .01 to .999. Signal-to-
noise ratios (in decibels) have been chosen, typically, to cover

Pp/Pp possibilities from low-quality pair .01,.5 to high-quality

F’
pairs in the neighborhood of 1E-10,.99.

Superposed in figure 3 (in dashed lines) is the Gaussian
approximation, for M = 4, to the exact exceedance distribution
function Q, in (14); see appendix A. Three selected values of
signal-to-noise ratio R are indicated, namely R = 4, 8, and 12

dB. They are identified by a black dot where they cross the

exact operating characteristic for the same signal-to-noise
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ratio. It is seen that the Gaussian approximation is virtually
useless at this low value of M, the number of samples.

This superposition, of three representative curves afforded
by the Gaussian approximation, is continued up through M = 1024
in figure 11. Again, agreement with the exact results is
generally quite poor. Even at M = 1024, the required signal-to-

noise ratio from the Gaussian approximation for P, = 1E-10,

F
P. = .3, for example, is in error by .3 dB.

D

Furthermore, it should be observed that the Gaussian
approximation is always optimistic in the useful range of the
operating characteristics; this bias is misleading in
quantitative performance predictions applied to practical
detection systems. Additionally, the case in this section,
namely equal weights, is the most favorable situation for the
Gaussian approximation to apply in; any other distribution of
weight values makes the effective number of weights (Me in (A-6)
and sequel) less than M, thereby deviating even further from an
accurate application of the central limit theorem. The message
to be conveyed here is that the performance capability of energy

detectors for Gaussian signals and noises should be based on

something other than the Gaussian approximation.
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EXCEEDANCE DISTRIBUTION FOR ALL WEIGHTS DIFFERENT

In this section, we confine attention to the case where all

the weights {wm} are different from each other; that is,

Then, we expand the characteristic function of x in (7} in a

partial fraction expansion according to

1

M - M
I l . Bm

fx(E) = (l - 1£wma) = Ez: I—:—TE;;E ' {21)
m=1 m=]

where coefficients
M-1
Y
B, = for 1 < m < M, (22)

i l(wm = Y)
k=1
k#m

depend only on weights {wm} and not on signal-to-noise ratio R.
The probability density function of x is then immediately

available from (21) as

M

px(u) = ;Z:Am B, exp(»Amu) for u > 0 , (23)
m=]1

where A= 1/(wma). The corresponding exceedance distribution is

® M
Qx(u) - J dt px(t) = Ez:Bm exp(-Amu) for u > 0 ., (24)
u m=1

21
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If threshold T is used as the basis of comparison for output
x of the weighted energy detector in (1), the false alarm and

detection probabilities follow from (24), respectively, as
Pp = Q(T; a=1), Py=0Q/(T; a=14+R). (25)

As an example, if M = 1, then wy o= 1, A, = l/a, B, = 1, and

(24) yields Qx(u) = exp(-u/a) for u > 0. Then, (25) gives

1
T 1+R
P, = exp(-T) , PD - exp(«;a] = PF = exp[ (26)

1+R

In PF
F 1

For this special case of M = 1, threshold T can be eliminated and
Py expressed explicitly in terms of P and R.

GRAPHICAL RESULTS

The particular case of unequal weights that we shall

concentrate on here is a set of exponential weights

w = a ™1 for 1 <m <M, t

o < (27)

A
[
-

where scale factor A is selected for normalization of the
weights, according to (2). Of course, _he absolute level of the
weights does not affect the operating characteristics.

In fiqure 12, the ROC for M = 4 and r = .99 is plotted, as
determined from (25) and (24). Since r is close to 1 for this
example, the weights (27) are all nearly equal, causing some of
the coefficients {Bm} in (22) to be rather large, in the range of

+.5E6. This leads to round-off error in sum (24) for the

22
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exceedance distribution function and the possibility of useless
numerical results; however, because M = 4 is a small number, the
round-off error does not yet show up in figure 12.

When M is increased to 8 in figure 13 and r is kept at .99,
coefficients {Bm) in (22) reach values in the range of +.7El2,
and round-off error begins to show up as wiggly lines in the
higher detection probability values near .999. We are using a
computer with 64 bits per word, which yields approximately 15
decimals of accuracy for the mantissa. Although coefficients
{Bm} can be calculated very accurately from (22), they alternate
in sign and can be very large. Then Q, in (24) requires
differencing of large numbers, with an attendant possibly
damaging loss of accuracy, especially tor small Pe.

When M is increased by one, to 9 in figure 14, and r is
maintained at .99, round-off error is now significant at the
upper edge of the ROC, although useful characteristics are still
available for lower values of Py- The reason for this problem is

that all the weights are close to each other; in fact, the M-th

weight is -1

= .923 times as large as the first weight. The
largest coefficient values for {Bm} are in the range of +.16E1l4.
When the weights are spread out over a wider range, larger
values of M can be tolerated in sum (24), without encountering
significant round-off error. For example, a set of M = 16
uniformly distributed random weights, over the (0,1) interval,

were utilized in fiqure 15 without any problems. But when M was

increased to 20 in fiqure 16, again for uniformly distributed

23
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weights, the upper edge of the ROC, for Py > .99, was useless.

Nevertheless, a significant portion of the ROC for lower Py
values is still acceptable.

The lesson to be drawn from these results is that the partial
fraction expansion, leading to the exceedance distribution
function in (24), has utility for spread out weights {wm} and
moderately low values of M, the number of envelope-squared
samples. However, it will not be a viable tool for large values
of M, nor for general weight structures which may have some close
or equal values. The more general approach presented in {2], in
terms of an arbitrary characteristic function, has no such

limitations, on the other hand, although the numerical

calculations required are more extensive.
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CHI-SQUARED APPROXIMATION FOR ARBITRARY WEIGHTS

The difficulty of evaluating the ROC from exact character-
istic functions of the form of (7) and (10) has prompted the use
of approximations that attempt to extract an effective number of
independent samples from a general weight structure, and use this
parameter in a simpler chi-squared fit. For example, in
[6; (38) and sequel], such an approximation was fruitfully
employed to study the stability of a spectral analysis technique
employing equi-weighted overlapped segments. Also, in
{9; (A-24) - (A-28)]), a chi-squared approximation was adopted for
the analysis of a diversity combiner in a partially-correlated
fading channel. However, in this latter case, no quantitative

measure of the error in the approximation was given.

PARAMETERS OF APPROXIMATION

Here, we will address the adequacy of the chi-squared
approximation for a general exponential weight structure of the
form of (27). We begin by generalizing the chi-squared
characteristic function in (12) to the candidate form

-M
£,08) = (1 - ikw_a) € (28)

where Vo is an effective weight and M, is an effective number of
envelope-squared samples, which may be noninteger. (The number
of degrees of freedom in (28) is 2Me.) The corresponding

probability density and exceedance distribution functions are
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Me-l -u
u exp[wea]
pe(u) = M for u > 0 ,
e
T(Me) (wea)

u

Qe(u) = I'(Me, ;e—a)/r(me) for u > 0 , (29)
respectively, where I'(:-,+) is the incomplete gamma function
[10; 6.5.3]. These results generalize (13) and (14). The
(scaled) cumulants of this gamma distribution follow from (28) as
1
1

k
OT xe(k) = Me (wea) for k

v
=

(30}

The mean and variance of this approximation are therefore

2 .2 .

M, w, a and M, w, a7, respectively.
When we equate these first two moments of the generalized

chi-squared approximation (28) to the first two moments of

decision variable x in (9) and (8), we find

(31)

For example, if all the weights are equal, then M, = M. On the
other hand, if all the weights are zero except for one, then
Me = 1. Both of these limiting cases obviously agree with
physical intuition. Observe that Ve and M, are independent of
parameter a or R, the signal-to-noise ratio.

For the exponential weight structure in (27), the effective

number of weights and the effective weight are
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1
’ w =‘ﬁ— for Wlﬂ'l . (32)

It should be noted that as M » «», effective number M, saturates
at value (1 + r)/{(1 - r), which is not infinite.

Since the incomplete gamma function in (29) is tedious to
compute for M, noninteger, performance could be bracketed by the
two cases Mi' Mi+1, where Mi is the integer part of Me. Or
interpolation could be used between these two cases. Instead, we
shall choose examples for which M, is an integer; this allows us
to use a form like (14), which is easily computed upon

replacement of M by M-

GRAPHICAL RESULTS

The first example of the use of a chi-squared approximation,
for the exponential weight structure in (27), is furnished by
figure 17 for M = 5, r = .69388907; this particular r value is
chosen to yield M, = 4, as may be verified from (32). The exact
results (solid lines) in this figure were obtained by the method
of the previous section, namely, all weights different. The
three dashed curves are yielded by the chi-squared approximation
of this section, with M, = 4; the latter are seen to be
optimistic by almost 1 dB along the left edge of the figure.

When M is increased to 25 and r decreased to .60000182, again
resulting in Me = ¢4, figure 18 shows that the chi-sguared

approximation is far worse. The reason for this behavior is that
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25 significantly different weights cannot be well represented by
4 equal weights in terms of evaluating the detection capability
of the energy detector (1).

The series of plots in fiqures 19, 20, 21, 22, 23 correspond,
respectively, to Me = 8, 16, 32, 64, 128, for various
combinations of M and r, as indicated on the figures. Again, the
chi-squared approximation is generally optimistic in the useful
range of performance. For M = 64 in figure 20, the discrepancy
is almost 1 dB along the left edge. However, for large M, like
200 in figure 23, the difference is only about .25 dB along the
left edge.

The results in figures 21, 22, 23 for Me = 32, 64, 128,
respectively, were not obtainable from the all-weights-different
method of the previous section, due to excessively large
coefficients {Bm} in (22). Instead, it was necessary to resort
to the numerical integration procedure given in [2]; the values
of increment Ai and length LE appropriate to each case are
indicated on each figure.

A conclusion to be drawn from the results in this section is
that, although the chi-squared approximation is much better than
the Gaussian approximation, it is still not adequate for accurate
performance predictions within a few tenths of a decibel. The
chi-squared approximation is generally unacceptable for small M.
unless r is very close to 1. And for large Mg it is acceptable
in some regions of the ROC, but not in others, especially if the

extreme weight ratio, Ml s very small.
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Figure 23. ROC for M=200, r=.98
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THIRD-ORDER APPROXIMATION FOR ARBITRARY WEIGHTS

When a constant c¢ is added to a random variable, the
characteristic function is modified by multiplication by the
factor exp{icf). Accordingly, a further generalization . the
chi-squared characteristic function in (28) is affurded by

exp(iibca)

fc(E) = " exp(i&bca - M In(l - iEwCa)) . (31
c

(1 - i&w_a)

This form now has three parameters to choose, namely W bc' and
effective number of samples M.. This is in distinction to the
chi-squared approximation (28) and the Gaussian approximation

(A-2), both of which had only two free paramcters to adjust.

Thus, whereas we only matched the first two moments in (30) and
(A-3), respectively, to those of decision variable x, we can now
match the first three moments of x if we use characteristic

! function model (33).

The cumulants of characteristic function (33) are

xc(l) M w_a + bc a ,

C c

TE:%TT X (k) = M_ (w, )k for k » 2 . (34)

When the first three cumulants (or moments) of (34) are equated
with the corresponding quantities of decision variable x, as

given by (8), the unique solutions for the parameters of (33) are

wg W
M ==, w =gz, b_ =W -z, (35)
W
Wiy
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where

M
_ k
Wk = zz:wm . (36)

m=1

It should be noted that the parameters in (35) are independent of
parameter a or R, the signal-to-noise ratio.

The probability density function corresponding to
characteristic function (33) is
- u+b a]

M-t c
(u - bca) exp[-~;;g-—

pi(u) = for u > bca ’ (37)

"e
) (vco)
c C
and zero otherwise. The exceedance {gamma) distribution function
is an obvious generalization of (29), or (14) if MC is integer;

see [10; 6.5.3, 6.5.2, 6.5.13].

u - bca u - bca
Qc(u) = T MC' ——;;3——]//F(MC) = EMC-l{——;:E_—] for u > bca . {38)

For threshold value T, the false alarm and detection

probabilities follow immediately as

T - bC T - bca
PF = EM -1 w ! pD = EM -1 w_a ' (39)
c c c c

provided that T > bca.
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EXPONENTIAL WEIGHTS

We now restrict attention to the exponential weight structure

P S S N <m <M, with t = ¢ , (40)
m 1 -t
where we have normalized at wl = 1. Then, from (36},
1 -1 k 1 - tk 1 -« k-1 1 + t + t2 + v ¢ tk—l
Wy = (1 = t) K = [1 - t) Py (41)
1 - 1l + ¢ 4+ 7 + + r
In particular,
W. =1 W = 1 -rl1l+ ¢t W. = [l - r)z 1 + t + t2 (42)
1 2 1 -t1 4+ 3 1 - ¢ 1+ 1 + r2

The parameters in (35) then follow by substitution as

2 3 2
w -6 G- 1ot (Lt t)3 [1 + r2] (43)
c 3 2 1 -1 1+ 2y
1-:3) @-1+¢3) Lyt

+
cr
[ ¥

2
w=l"r l+t z'b= (1—tt)(!-—t) . (44)

¢ 1 -~ t2 1+ ¢ (1 + r)2 (l + t + tz)

+
"~

For equal weights, Vo T 1/M, we get the usual reduction to

2 -
w, =1, W, = i/M, Wy = 1/M%, giving M, = M, w_ = i/M, bC = 0.

1
Furthermore, it is shown in appendix B that additive constant bc
in (33) and (37), as determined from (35) and (36), is never

negative, for any nonnegative weight structure {wm}.
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GRAPHICAL RESULTS

The first example we consider here is M = 25, ¢ = ,75049209,
for which (43) gives MC = 4; again, the reason for the particular
choice of r is made so that MC is integer and (39) can be used.
The approximation afforded by (39) is superposed (dashed lines)
in figure 24 on the exact results (solid lines) obtained from
(25). 1Increasing M to 64 and changing r to .75049170, so that M,
is maintained at 4, generates virtually the same approximation.
The fit is poor and rather optimistic at the left edge of the
figure, due to the small value of M., namely 4.

For M = 50 and r = .,96915298, M. is increased to 32 and the
results are compared in figure 25. Now, the fit afforded by the
constant plus chi-squared approximation is rather good over the
entire range of false alarm and detection probabilities shown; in
fact, the approximation is optimistic by about .1 dB on the left
edge of the figure. The reason for this development is the

larger value of the effective number of samples, M namely 32.

c’
Two more results, for M, equal to 64 and 128, yield similar
conclusions in figures 26 and 27, respectively. Again, the
exponential weight structure was employed. However, the goodness
of fit of the constant plus chi-squared approximation is not
limited to this type of weights, but in fact applies to arbitrary
structures. To back up this statement, an example of uniformly
distributed random weights for M = 133 and MC = 77.971 is

displayed in figure 28; the overlay, which used M, = 78 in

approximation (39), is seen to be very good for this value of M.
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APPLICATION TO EIGENVALUE PROBLEM

Earlier, in (10) and [8; (24)], a particular characteristic

function was given which has occurred in a number of statistical

analyses. That characteristic function, in normalized form, is

M -1

£ (8) = T—T{l - ia(l + R xm]} , (45)

m=1

where R is the per-sample signal-to-noise ratio and {xm} are the

eigenvalues of the normalized covariance matrix P of the fading

signal components. By expanding the 1n of (45) in a power

series in i, the cumulants of random variable x are found to be

M Mk
1 k k n .n
k-1) 7 Xx(k) = }Z:‘l R A - EE: ji:[n) R dp =

m=1 m=1 n=0
k
- M+ }E:(ﬁ] r" tr[p“) for k > 1 , (46)
n=]1

where we have used the simplifying result in appendix C regarding

sums of powers of eigenvalues. 1In particular, there follows

from (46), the first three cumulants of x in terms of tr(Pn):
xx(l) = M 4+ R tr(P)

4

X, (2) = M + 2R tr(P) + R? tr(p?) ,

%xx(3) =M + 3R tr(P) + 3R% tr(P%) + R tr(P>) (47)
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PARAMETERS FOR CANDIDATE APPROXIMATION

In this section, we will approximate exact characteristic
function (45) by the form employing the constant plus chi-squared
idea again, namely

exp(i&bd)

M
(1 - iEwd)

£08) = - exp(iabd - My In(1 - iawd)) . (48)

d

The cumulants are given by a form very similar to (34), and in
particular, the first three (scaled) cumulants of characteristic

function (48) are
X:.(1) = M, ws + b (2) = My we , Ex.(3) =M, w3 (49)
d d Ya d ' X4 d%¥d + 3Xa d ¥a -

If the first three cumulants, xd(k) for k=1,2,3, were specified,

we could then solve (49) for the required parameters according to

X3(2) x4(3)/2 x4(2)

" T e

d

w4 _ingT” . bd = xd(l) - 2373775 . {50)
Now, we set the cumulants of approximation (48) equal to the
exact cumulants given by (47), and then solve (50) for the
required parameter values. Then, approximation (48) to exact
characteristic function (45) is available for numerical
evaluation. If cumulants {xx(k)} for k=1,2,3 can be evaluated
either analytically (via eigenvalues {Xm} in (46) or by the trace
relations in (47)) or numerically (estimated via finite time
averages), then the parameters in (50) can be determined and the

corresponding ROC found.
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EXACT PERFORMANCE OF (45)

I1f signal-to-noise ratio R = 0 in (45), then
fx(E) = (1 - iE)"M and there follows, in a manner similar to
(14), Q,(u) = E, ,(u) and P, = E, ,(T) for threshold T.

If R > 0 and all the eigenvalues {km} in (45) are distinct,

then, in a manner similar to (21), we can express

M

Bm(R)
fx(E) = }Z: ‘ ’ (51)
o1 - 15(1 + R xm]
where coefficients
[1 + R xm)"‘l
Bm(R) = M for 1 < m < M . (52)
M1 || (- M)
k=1
k#m

The exceedance distribution function is then

Q, (u) = Zsm(n) exp[l—:;—-}-\;] for u >0, R>0, (53)

- T
PD = ZBN(R) exp(m] for T >0, R> 0. (54)

The eigenvalues {km} of normalized covariance matrix P are
independent of signal-to-noise ratio R; however, coefficients

{Bm(R)} are dependent on R and explicitly indicated so.
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GRAPHICAL RESULTS

The only example that we consider here is a covariance matrix

m-n
Dl l.

P={p _}, where Pon = In particular, for M = 10 and

mn
p = .5, the M eigenvalues {Am} of P were evaluated and the
results on page 55 were used for an exact evaluation of the
detection and false alarm probabilities; these are displayed as
solid lines in figure 29.

Then, we returned to matrix P, ignored the knowledge of the
eigenvalues, and instead employed the trace relations in (47) and
appendix C to evaluate the cumulants of random variable x. These
were substituted in (50) to determine the parameters of
characteristic function (48), as explained in the sequel to (50).
Then, the method of [2] was used to obtain the corresponding ROC.

These results are overlaid as dashed lines in figure 29, for
three selected values of signal-to-noise ratio R (in decibels).
The agreement for small signal-to-noise ratios is very good, and
can be explained by observing that (45) approaches the chi-
squared characteristic function in this case. Approximation (48)
is also excellent for very small false alarm probabilities,
despite the fact that the equivalent number of samples, My is
rather small; for example, the three curves in figure 29 for
R=2,5,8 dB have Md = 5.79, 4.83, 4.31, respectively.

Another example for M = 32, p = .5 is displayed in figure 30.
Here, the values of My for the four overlays, R = -2,0,2,4 dB are
24.1, 20.6, 17.6, 15.4, respectively. These larger values of Md

account for the improved fit to the exact results.
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In this section, we will
fits to a specified characte

cumulants (or moments) throu
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The initial fourth-order
the characteristic function

variable plus a chi-squared

TR 8753

MATIONS FOR AREBITRARY WEIGHTS

consider a couple of fourth-order
ristic function and will match

gh fourth-order.

T

fit of interest here corresponds to

of a (nonzero mean) Gaussian random

variate. That is, the candidate is

. 1
exp(itb, - FE%c] , 1,2
£(8) = Tl cxp(libf - 8%, - Mg In(1 - u:wf)]
(v - vewg)
{55)
The first four cumulants of characteristic function (55) are
Xe(1) = b + M, w Xe(2) = cp + M, w?
£ f £ "f f £ £ "f '
1 3 1 4
fxf(3) = Mf VE Exf(4) = Mf We (56)
I1f the cumulants are specified, the parameters for
characteristic function (55) can be determined explicitly as
(xg(3)72)° Xg(4)/6
M, = , W, = memmmme—eee
£ [xgtarve)? B Xgl3)72
(x¢(31/2)3 (xg(31/2)?
b, = X (1) - r Ce = X (2) (57)
f f (xf(4)/6]2 £ f xf(é)/6

Numerical results will be pr

esented in a later section.
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NON-CENTRAL CHI-SQUARED FIT

The other fourth-order fit that we consider corresponds to a
generalized non-central chi-squared variate, namely

characteristic function

£ - - - _
g(E) M_ 1In(1l 1£wg} (58)

[1 - iEwg)Mg

This is called generalized because we do not force cg = wg.

The In of (58) can be expanded in a power series in ig:

&b
exp **i“fﬂ—— .
1 - 1Ecg ( i&b
= exp —_g

+ ™ + @

1 o : j 1,. k

n fg(E) 1E.bg 2{:(1{Cg) + Mg zz:k(xawg) (59)
j=0 k=1

The first four cumulants of this characteristic function are then

1) = b M 7 2) = 2 M ’
Xg(1) g " g Yg Xgt2) bg Cg * Mg vg

1 2 3 1 3 4
— 3 = ’ - = 4 . 60
2Xg( ) 3 bg Cg + Mg wg 6x9(4) bg cg + Mg wg (60)

The inversion of these nonlinear equations, for the parameters in
terms of the cumulants, is not possible in closed form, as it was
for candidate characteristic function (55). This limitation
tends to discourage use of the non-central chi-squared
approximation (58). However, in appendix D, an efficient
numerical procedure for solving (60) for the required parameters
is developed and programmed. Application of this approximation

procedure is deferred to a later section.
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PERFORMANCE IN STEADY STATE NOISE

Up to this point, the number of samples, M, has been finite,
both for signal-present as well as signal-absent; then, the noise
output of the exponential integrator, (27) or (40), has not
reached steady-state. 1In this section, the number M of noise
samples will be set equal to =, thereby allowing the integrator
noise output to reach steady state. However, the number, N, of
samples containing signal (if present) will remain finite.

This situation arises in practice, for example, when the
precise arrival time of the signal is unknown. The use of
surplus envelope-~squared samples {zm}, for m > N, does not
improve performance, since these particular samples are always
noise-only; in fact, these extra samples always degrade
performance, the exact amount depending on the relative sizes of
weights {wm} for m > N compared to m ¢ N. Here, we will give a
method for quantitatively assessing the impact of these surplus

noise-only samples on the operating characteristics.
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CHARACTERISTIC FUNCTION

The characteristic function of the decision variable is an

obvious generalization of (7) to the form

£ (€) = ﬂ[1 - iawmam) , (61)

where the signal-to-noise ratio parameter a  now takes the form

a =

1 for noise-alone
m

} for 1 <m < M=o, (62)
1 + Rm for signal-plus-noise

The particular case that will be considered at length, here, is
that of a finite-duration constant-strength signal, which is

accommodated mathematically by setting

R for 1 < m <N
R, = . (63)
0 for N<m <M==
When signal-to-noise ratio R is equal to zero, that is,
signal-absent, the characteristic function in (61) reduces to
-1
-]
E () = I l[l ST (64)
m=1
Unfortunately, even for the exponential averager,
w o= (1-t) ™Y for 1 ¢mM=w, (65)

m > pa

the noise-only characteristic function in (64) takes a form,
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o -1

Ex(a) = W(l - i& (1-1) r“"l] , (66)

m=1

which is not expressible in closed form; see [11; (89.18.3)].
(Likewise, the finite product cannot be simplified; see

[11; (89.18.2)].) This necessitates termination of the infinite
product in (66), being sure to keep the remainder below an

acceptable tolerance; this issue is addressed in appendix E.

CUMULANTS

For general characteristic function (61), the cumulants are

TF:%TT Xy (k) = EZ:("m a)* for 1 ¢k . (67)
m=1

For the special case of the exponential averager (65) and the

finite-duration signal (63), these cumulants reduce to

k
TE?%TT X, (k) = Ll_:_ﬁ%—[(l + R)*(1 - :k") + rkN] . (68)
: 1l -1

At the same time, characteristic function (61) becomes

-1

N
e 1) - W(l CiE (l-r) r‘“"l(l + R’] H(l - i (1-1) rm—l)

m=1 m=N+1

(69)
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In particular, for noise-alone, then R = 0 and (68) reduces

to
(kil)l ix(k) (i N i;k - il+~ r)k:lrk_l {70)
The three lowest-order cases are
) - 1 - ¢ 1 (1 - r)?
Xe (1) =1, X, (2) T+ ' 3%3) = (71)

1l + ¢+ 1

For signal-present, R > 0, the three lowest cumulants are,

from (68),
Xx(1)=1+R-RrN,
1 -r 2 2N 2N
XX(Z)ﬂl——_’_"—?[(l-G-R) [l—r )+r ],
1y (3) = L= £)? {(1 + 3)3(1 3”) + 3”] (72)
7Xx 2 -t t :

l +r + ¢

Here, N is the number of signal components, R is the signal-to-
noise ratio per sample, and r is the exponential decay factor for
the weight structure (65).

In the evaluation of the signal-present characteristic
function (69), the second product will have to be terminated at a
finite limit m = L (> N). The error due to this truncation is

addressed in appendix E.
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GRAPHICAL RESULTS

An example of the results in this section for M = », N = 32,

f

r .9, is displayed in figure 31, as obtained via exact results
(66) and (69), along with the truncation procedure of appendix E.
Superposed as dashed lines are the results of using the constant

plus chi-squared approximation (48), where the parameters are

obtained from the cumulants, according to (50). The cumulants
themselves are given by (72). The effective number of samples,
M4 in (48), takes on the values 10.680, 10.676, 10.673, and

10.672 for the four signal-to-noise ratios of 0, 2, 4, and 6 dB
indicated in the figure. This relatively small value of Mg is
the reason for the discrepancy in figure 31 between the exact and
approximate results.

Figure 32 is drawn for M = @, N = 50, and r = .96915298;
compare figure 25, for which M. = 32. The values of M3 for the
three overlaid curves for signal-to-noise ratios equal to -2, 0,
and 2 dB are 33.531, 33.030, and 32.624, respectively. These
larger values, for the effective number of samples, lead to
better agreement in this figure; in fact, the approximation is in

error by only .15 dB along the left edge of the figure.
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BLOCK EXPONENTIAL WEIGHTING

In this section, we again consider a weighted energy detector
in steady state, that is, M = ». However, the averager now
operates on blocks of data points which are equally weighted, but
which are themselves exponentially weighted. That is, the

decision variable x is now given by

X = Ezzwm Z. {73)

m=1
where the weights {wm} are
(1 for 1 <m¢g B)
1-r |F for B <m(< 2B
Wm=--ﬁ—< 2 > . (74)
r for 2B < m £ 3B
\: . Y,

Here, B is the block size and the weights have been normalized
at W, = 1. The following diagram illustrates the block

exponential weighting structure.

e B

69




TR 8753

SIGNAL STATISTICS
The signal, if present, occupies the first N samples of sum
(73), where
N
J EE (75)

is presumed integer; that is, J is the number of blocks occupied

by signal (when present). The signal-to-noise ratio parameter is

1 for noise-only
a = for 1 {m <N, (76A)
1+R for signal plus noise

and

a =1 for N <m¢< o, (76B)

CHARACTERISTIC FUNCTION

The characteristic function of x in (73) for signal present

is, using the independence of the {zm},

. -1
£(8) = ﬂ(l - iawmam] -
m=1
J-1 _ © _ ~B
- ﬂ(l-ia%‘-ﬂ a+m) | [(@-aeiZEI) 0 o
j=0 j=3

Again, an infinite product is required and the truncation

procedure given in appendix E is directly relevant.
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CUMULANTS

The cumulants of decision variable x follow readily from

(77), upon expansion of 1ln fx(E) in a power series in i&:

1 _ La-nymkt
k-1

T X, (K) [(1emr¥ (1-0%7) & %] for & 2 1. (78

lér+ec+r
The four lowest-order cumulants will be used in fitting the exact

characteristic function (77) by approximations (55) and (58).

GRAPHICAL RESULTS

Results for the operating characteristics for B = 4, J = 32,
and r = .95 are presented in figure 33. Thus, from (75), the
signal (when present) occurs on N = 128 samples. Superposed as
dashed lines is the approximation afforded by third-order fit
(33) and (39). The discrepancy is only .1 dB along the left edge
of the figure,.

‘Another example of block exponential weighting, for B = 4,

J =16, and r = .9, is displayed in fiqure 34. The dashed
overlay is again the third-order approximation (33), which is
optimistic by about .15 dB along the left edge of the figure.

The exact results from figure 34 are repeated in figure 35,
but now the overlays are the two fourth-order approximations (55)
and (58). The latter two approximations are indistinguishable
from each other over the entire range of probabilities displayed.
Furthermore, they differ from the exact results only by .05 dB at

the left edge of the figure.
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SUMMARY

The receiver operating characteristics of a variety of
weighted energy detectors, for Gaussian signals in noise, have
been investigated exactly and compared with five different
approximate procedures. The Gaussian and chi-squared
approximations have been found to be generally inadequate for
very small false alarm probabilities, while the generalized
chi-squared {gamma) and both fourth-order fits have yielded very
good results over the entire range of detection and false alarm
probabilities considered. The only limitation of the latter
approaches is the need to have additional cumulants (or moments),
since the first two cumulants are not always entirely adequate
for accurate performance predictions.

If the exact characteristic function for the decision
variable of a system can be determined, either analytically or
numerically, then the receiver operating characteristics can be
accurately evaluated by the method of [2], as done here.

However, there are occasions where it may be desirable or
imperative to use an approximate characteristic function, as for
example, when only a few low-order moments are known. In this
fashion, we can, for example, avoid the determination of
eigenvalues or avoid the evaluation of infinite products. Also,
the approximate forms will frequently be faster to compute than
the exact results. This report indicates the relative accuracies
inherent in some of the standard approximations and some of their

generalizations, which should be considered for future use.
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APPENDIX A - GAUSSIAN APPROXIMATION

The characteristic function of interest was presented in (7):

M M -1
fx(E) = E{exp(iéx)} = T—T fz(wmi) = TaT[l - iawma) ’ (A-1)
m=] m=1

where {wm}, for 1 { m < M, are an arbitrary set of weights. The
mean and variance of random variable x were given in (9).
Now, if energy detector output x in (1) were a Gaussian

random variable, its probability density function would be

2
(u - wp )
pg(u) = ——i—g—— expi- -———53-— for all u , (A-2)
. 2 2
(2r) Ug og

where, from (9) and (4), we set

1 W

2
”g = or ’ og = or . (A-3)
1 +R (1 +R)%w

2

The exceedance distribution function corresponding to (A-2) is

© u - u
Q _(u) = J dt p (t) = 0[—9-——] for all u , (A-4)
g g Gg
u
where
t
$(t) = J dv (2n)7% exp(=v2,2) (A-5)

- D

is the normalized Gaussian cumulative distribution function.
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At this point, it is convenient to define an effective number

of samples, Mo, for an arbitrary set of weights {wm} as in (31)

1
M = = = w-— . (A"'G)

Here, we used (8) and (2).
If threshold T is utilized for a comparison with energy
detector output x for a decision on signal presence or absence,

then the approximate false alarm probability follows from (A-4):
. o= - 15 — —
Pp = Qq(Ti R=0) ¢(mi1-m) (A-7)

with the help of (A-3) and (A-6). Similarly, the approximate

detection probability is

P, = Q(T; R#0) = s(mi(1 - =5)) - (A-8)
Equations (A-7) and (A-8) produce the Gaussian approximation to
the cperating characteristics of the energy detector (1),
described by characteristic function (A-1). They depend only on
the single parameter LN defined in (A-6), in addition to the per-
sample signal-to-noise ratio R. That is, M and {wm} are all
collapsed intc the single parameter, effective number M-

An immediate obvious problem with (A-8) is that the limit of
detection probability PD’ as R » =», is not 1; in fact, it is
¢(M:] < 1. This drawback serves as a warning about the adequacy

of the Gaussian approximation.
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For the approximations in (A-7) and (A-8), we can explicitly
solve for PD in terms of PF' as follows. Let & be the inverse
function to ¢; see [10; 26.2.23]. Then (A-7) can be solved for

threshold T according to

-k
T=1-M" &(P) . (A-9)

Substitution of this result into (A-8) yields

L
P, = Q[Me R+ S(PF)] ) (A-10)
1 + R

It now follows immediately from (A-10) that, for specified P

13
and PD' the required signal-to-noise ratio R is
R = 2 (A-11)
Me - D
where
F = g(PF) , D = g(PD) . (A-12)

The result in (A-11) is a generalization of {1; (C-8) and (11)]
to the case of arbitrary weights {wm}. It is immediately obvious
from the denominator of (A-11) that the desired P, must be

smaller than Q(MZ].
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APPENDIX B - POSITIVITY OF PARAMETER bC

Here, we will show that the parameter bC in (35) is never
negative, regardless of the weight structure {wm}, provided that

wo 2 0. The Cauchy-Schwartz inequality states that

M 2 M M
2 2
> e <3 D
m=1 m=1 m=1
s 3/2
for any real quantities {am} and {bm}. If we let ay = v and
bm = wml/Z, then (B-1) yields
M 2 M M
2 3 .
Z Yo < Z wo Z wo o (B-2)
m=1 m=1 m=1
that is W2 < W, W where
T2 = 73 1Y
M
k
Wk = Ez: LA (B-3)
m=1
Therefore
"
bC = Wl - ﬁ; 2 0 . (B-4)
In addition, there follows
W
MC W =€q—SW1 . (B-5)
3
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APPENDIX C - TRACE RELATIONS FOR EIGENVALUES

Suppose MxM matrix P = [pmn] has eigenvalues {Am}, 1 <m <M.

Let A be the diagonal matrix of eigenvalues {Am} and let Q be the

normalized modal matrix of eigenvectors of P; see [12; section

1.13].

Then we can express matrix P in the form

P=20QAQT, (c-1)

from which there follows the k-th power

pk = g Ak QT . (C-2)

We now use the trace relation

tr(A B C) = tr(B C A) , (C-3)
to evaluate the trace of Pk:
M
er(P%) = trlo AF @T) = tr(A¥ oT @) = tr(A¥) - }Zix; . (c-4)
mel

That is, the sum of the k-th powers of eigenvalues {xm} can be

obtained from the trace of matrix Pk, without ever having to

evaluate the eigenvalues at all. 1In particular,

M M
}Z:xm = tr(P) = }Z:pmm , (C-5)
m=]1 m=1
M M
2 2
me = tr(p?) = Z b P (C-6)
m=]1 m,n=1
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M M
2:3 3_2:

Am = tr(P ) N °mn °nk Pkm - (C-7)
m=1 m,n, k=1

In order to compute the sums of the three lowest powers of the
eigenvalues of matrix P, we simply have to compute the three sums
on the elements of matrix P, as indicated in (C-5) through (C-7).
In fact, there is no need to compute matrices P2 or P3 either.
Thus, a seemingly difficult numerical chore is replaced by

straightforward simple summations of products of matrix elements,

yielding a very significant savings in complexity and time.

84




TR 8753
APPENDIX D - INVERSION OF EQUATION (60)

For notational efficiency, we suppress all the g subscripts
in (60), let Y, = X(k)/{k-1)!, and set p = M w. The nonlinear

equations then take the form

Yy, =b+p., Y, =2bc+puw,

Yy = 3 b c2 + p w2 P 4 b c3 + p w3 . (D-1)

We solve the first two equations for p and b, getting

Yz_zylc ylw"Yz

P=—Vw-73c ' bP=<T73T - (D-2)

These guantities are now substituted in the third and fourth
equations in (D-1), resulting in the highly nonlinear pair of

coupled equations for ¢ and w:

c2 3 (y1 w - yz) + c 2 (y3 -y wz) + w (y2 w - y3) = 0 , (D-3)

C3 4 (YIW‘YZ) +C2 (Y4—Yl w3) + w (y2 wz" yd) “0 - (D-4)

The procedure we have adopted for solving these latter two

equations is to start with an initial guess for w as in (57),

namely
. xt4yze Yo )

then solve quadratic (D-3) for c; substitute this result into
(D-4) and compute the left-hand side; now vary w until the
left-hand side equals zero. Repeat these operations until ¢ and w
stabilize. Equation (D-2) can now be used to get final values of
p and b. This is the numerical procedure used in the main text.
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APPENDIX E - TERMINATION OF INFINITE PRODUCT

I1f we terminate the infinite product for the characteristic
functions in (66) or (69) at limit value m = L (> N), then the

neglected remainder product in the denominator is

2L+1
Rem = I_T(l - iE (1-1) rm‘l) =1 - jgfl - g2 E

Nt O(r3L).(E-1)
m=L+1

This relation enables a choice of L to control the neglected
remainder. For example, & = 200, L = 220, r = .9 leads to
Rem = 1 - i1.7E-8 - 1.4E-16. Thus, the £’ term and above can be
safely ignored. One final product in the denominator of (66), by
the factor 1 - iErL, will account for Rem and suffice for
complete accuracy, up to computer round-off error in the
characteristic function evaluation. For larger values of r, it
is necessary to increase the limit L; for example, £ = 150,
L =700, r = .,96915298 yields Rem = 1 - i4.5E-8 - 1lE-15,

1f we terminate the infinite product for the characteristic
function in (77) at limit value j = L (> J-1), the neglected

remainder product in the denominator is
Rem = ‘ !(1 —ig i ) - (- M) s s M (e
This is substantially the same as (E-1), where terms of the order

of rZL have been neglected.
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Two-Dimensional Convolutions, Correlations, and
Fourier Transforms of Combinations of Wigner Distribution
Functions and Complex Ambiguity Functions

Albert H. Nuttall

ABSTRACT

A number of new two-dimensional Fourier transforms of
combinations of cross Wigner distribution functions, W, of
convolution form or correlation form are derived. 1In addition,
similar relations are obtained for combinations of cross complex
ambiguity functions, x. Their great generality subsumes most of
the already known available properties, such as: the volume
constraint of magnitude-squared ambiguity functions; the
positivity of the convolution of two Wigner distribution
functions; and Moyal’s theorem. An example is displayed below:

dev'dt' exp(+i2nv’t-i2nfr’) xab(v+%v',t+5r') x;d(v-kv',t-%t’)
= Ifdt'df’ exp(-12nvt’+i2nf’'t) wab(t+%t',f+&f') w;d(t—%t',f—%f')

= W__(t+hT, f+hv) w;d(t-—%r,f-%v)

Extensions to contracted time and frequency arguments are
made, as well as to mixed products involving a Wigner
distribution function and a complex ambiguity function.
Additional relationships connecting the temporal correlation
function and the spectral correlation function complete a
symmetric set of very general relationships.

Approved for public release; distribution is unlimited.
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TWO-DIMENSIONAL CONVOLUTIONS, CORRELATIONS, AND
FOURIER TRANSFORMS OF COMBINATIONS OF WIGNER DISTRIBUTION

FUNCTIONS AND COMPLEX AMBIGUITY FUNCTIONS

INTRODUCTION

Over the years, a number of properties of integrals of
products of complex ambiguity functions (CAFs) or products of
Wigner distribution functions (WDFs) have been derived, such as:
the volume constraint of magnitude-squared ambiguity functions
[1; page 308], the positivity of the convolution of any two WDFs
[2; (106)], and Moyal’s theorem involving the volume under the
square of a WDF [3]. Now, it appears that these are very special
cases of a general class of two-dimensional Fourier transforms of
combinations of CAFs and WDFs with delayed or time-reversed
arguments.

We begin by deriving a general one-dimensional transform
relation involving two arbitrary complex waveforms and their
Fourier transforms. An application of this relation to energy
density spectra yields three alternative expressions for the
output correlation of a filtered time function. This general
transform relation is also the basic tool for setting up the two-
dimensional transforms that are the subject of succeeding
sections. The extreme generality of the two-dimensional
relations allows for a large number of special cases; some of
these are pointed out, but undoubtedly there are additional ones

not listed here.
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When we begin our two-dimensional transform investigation, we
do not immediately specialize to WDFs or CAFs. Rather, we first
consider a set of four general functions, each of two variables,
all of which are related to each other by Fourier transforms. We
show that two-dimensional Fourier transforms of products of pairs
of these general functions are all equal to a common value,
although that value cannot be expressed in any simple closed
form. These relations are derived for convolution type
operations as well as for correlation operations.

When we make a specialization of these results to waveforms,
relatively simple closed form results, in terms of products of
WDFs and CAFs, are obtained for these two-dimensional transforms.
And when the arguments of these relations are further specialized
in value (such as zero), some of the currently known relations
involving CAFs and WDFs result.

Extensions of these results to time contracted or expanded
arguments are made in the appendices. Again, specializations to
waveforms yield closed form results, in terms of products of WDFs

and/or CAFs.
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ONE-DIMENSIONAL TRANSFORM RELATIONS

Function g(t) is an arbitrary complex function of real
argument t, which will be thought of as time. 1Its Fourier

transform will be denoted by complex function G(f), where
G(f) = jdt exp(-i2nft) g(t) . (1)

Integrals without limits are along the real axis and over the
range of nonzero integrand. Argument f is a real cyclic
frequency, not a radian frequency. The inverse Fourier transform

relation to (1) is
g(t) = de exp(+i2nft) G(f) . (2)

The Fourier transform pair in (1) and (2) will be denoted by
g(t) e G(f) . (3)

Similarly, h(t) and H(f) will be a Fourier transform pair.

TRANSFORM OF PRODUCT OF WAVEFORMS

The variables v,a,8,u,y are all real in the following. A

generalization of Parseval’s theorem is then possible, namely

fdt' exp(-i2nvt’) g(at+gt’) h*(pt+yt’) = exp[iz““tg§§# ] 8

x Idv' exp(iva't(aY—ﬁy)] G(y[v'+ 7%?}} H*(s[v'— 5%7)] ¢ (4)
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where it is presumed that § # 0 and vy # 0. This result may be
derived by substituting for g according to (2), interchanging
integrals, and using (1) for Fourier transform pair h(t) e H{(f).

A more symmetric form for relation (4) is available, if desired:
4 1 ’ ’ .__t....... * L _._'..t_— =
fdt exp{(-i2nvt’) g[ﬁ[t + Zﬁy)] h (Y(t Zﬁy)}

Jdv' exp(+i2nv’'t) Giy[v'+ 5%7)] H*[ﬁ[v’- 5%7]} . (5)

SPECIAL CASES

By specializing the parameter values in (4), several
interesting and useful results can be obtained. For example, 1f
we take y = B, y = -a, then we obtain a combined one-dimensional

Fourier transform and correlation:
Jdt' exp(-i2nvt’) g(Bt’+at) h™(Bt’-at) =

vV

= jdv’ exp{iva'tZaB} G(Bv'+ 5%} H*[ﬁV'° 53) . (6)

On the other hand, if we take vy = -8, p = a in (4), there
follows a combined one-dimensional Fourier transform and

convolution:

Idt' exp(-i2nvt’) g(at+pt’) h*(at-pt’) =

= [dv' expliznv't2aB| Gls> +Bv'| " [5> -gv']| . (7)
28 28
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Further specialization to the specific numerical values

vy=8=1, -u=a=1%, in (6) yields
Jdt' exp(-i2nvt’) g(t’'+&t) h*(t'—&t) =
= Jdv' exp(+i2rnv’'t) G(v'+kv) H*(v'-&v) . (8)

Alternatively, the choice -y = g8 = &%, py = a =1 in (7) yields

Idt' exp(-i2rvt’) g(t+kt’) h™(t-kt’)

= Idv' exp(+i2nv’'t) G{v+iv’) H*(v—%v’) . (9)
APPLICATION TO ENERGY DENSITY SPECTRA
Case 1. Suppose that we choose
= 2 2
G(v) = [X(v)|® , H(v) = [¥(v)|®, (10)

which are the energy density spactra of waveforms x(t) and y(t),
respectively. Then g{t} = ¢xx(t) and h(t}) = ¢yy(t), where ¢xx(t)

is the auto-correlation function of complex waveform x(t):
Yo (t) = Idu X(t +u) x (u) . (11)

The use of (10) and (11) in (B} yields
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I,(t,v) = fdv' exp(+i2nv't) IX(v'+%v)]2 |Y(v'—8v)|2 =

- Jdt' exp(-i2nvt’) ¢, (t’+kt) ¢;y(t'-%t) . (12)

The last term in (12) is identical to wyy(kt-t').

The special case of v = 0 in (12) reduces to

I,(t,0) = Idv' exp(+i2nv't) |X(v')(2 |Y(v')|2 =

[ * "
- fdt Yy (E7HE) Yo (E7E) (13)
The additional restriction to t = 0 becomes

1,00,0) = fav' Ix(v:)|? |y(vr)f? =

= Jatr w0 we) (14)

Case 2. Here, instead, make the identifications

G(v) = X(Vv) Y(v) = H(v) . (15)

Then

g(t) = €, (t) = [du x(u) y(t-u) = n(t) , (16)

which is the convolution of x(t) and y(t). Substitution of (15)

and (16) in (8) gives
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I (t,v) = jdv' exp(+i2nv't) X(v'+kv) Y(v'+kv) X (v'-kv) Y (v’ -%v)

3 ’ [ * '
= fdt exp(-i2rnvt’) ny(t +Xt) ny(t kt) . (17)
Setting v to zero yields

I,(t,0) = fdv' exp(+i2nvt) |x(v')|? ly(v)|? =

]

fdt' Cpy (/L) C;y(t'-%t) . (18)

Finally, also setting t equal to zero,

1,00,0) = fav' Jx(v)l? Jxev)? = fJaer jeenl? . a9
Case 3. Now identify
G(v) = X(v) Y'(v) = H(v) . (20)
Then
g(t) =, (t) = au x(u + ¢) y(u) = het) , (21)

which is the cross-correlation of x(t) and y(t). The use of (20)

and (21) in (8) leads to

I3(t,v) = jdv' exp(+i2rv t) X(v'+kv) Y (v +v) X" (v'-kv) Y(v’'-%v)

= Idt' exp(~-i2nvt’) ¢xy(t'+8t) ¢;y(t'—5t) . (22)

The result of setting v to zero is
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I,(t,0) = Idv' exp(+i2nv't) IX(v')l2 IY(v')Iz =

’ r * [}
= fat by (E74IE) W) (E7-5E) (23)
When t is also set equal to zero, (23) reduces to
15300,0) = fav' [x(v)1? |yv)|? = faer fu e (20

It should be observed that the upper lines of (13), (18), and

(23) <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>